© ®©® N O g A~ W N =

Implicit Bias of Gradient Descent under
Feature-Mediated Spurious Correlations

Anonymous Author(s)
Affiliation
Address

email

Abstract

We study how feature-mediated spurious correlations affect the learning dynamics
of gradient descent on linearly separable data. Unlike the widely studied label-
mediated setting, where the spurious feature depends only on the class label and
is conditionally independent of the causal features, feature-mediated correlations
entangle spurious and causal signals at the instance level through group-specific
operators, making them both harder to detect in practice and more complex to
analyse theoretically. We first generalise the implicit-bias result of Soudry et al.
(2018) to continuous distributions. Building on this, we derive closed-form group-
wise classification error rates. In the general setting, each group’s error decay
at a rate governed by its hard-margin 7,. In the isotropic regime, we identify
a single exponent « that captures the competition between the minority’s geo-
metric margin advantage and the coupling induced by the spurious alignment
operators. A phase transition occurs at & = 1: below it, both groups decay at
rate ng /(g4 2¢) and group proportion directly controls learning speed; above it, the

minority escapes the e-dependence entirely and converges at the faster polyno-

. —tg (14-0maj) +Omin R
mial rate In(z; )¢~ 1 2; ¢ (LF0mi) Fonin _Thege results formalise in closed form the

widely observed phenomenon that group imbalance implicitly biases optimisation
dynamics toward the majority, while revealing that the effect of imbalance can
be entirely superseded by geometric margin advantages. Finally we establish a
non-vanishing error at test time, under spurious correlation shift.
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Figure 1: Two structural mechanisms behind spurious correlations. Left (label-mediated): the
spurious feature s (background) depends on the label y but is conditionally independent of the causal
features r given y and the group. Right (feature-mediated): the spurious features s (credit score
etc.) depend directly on r through two group-specific operators f4, fp, entangling the two signals.
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1 Introduction

Modern neural networks trained via Empirical Risk Minimisation (ERM) (Vapnikl [1999) are suscep-
tible to spurious correlations: statistical associations between non-causal features and the target label
that hold for most but not all of the training distribution. A classifier that relies on such associations
performs well on the majority of the data but fails on minority subgroups where the correlation is
reversed or absent, a failure mode documented across vision (Sagawa et al.| [2020a; |[Idrissi et al.
2022)), language and medical imaging applications.

These correlations can arise through different mechanisms (see Figure[I). In label-mediated spurious
correlations, the spurious feature depends on the class label y but is conditionally independent of the
causal features r given y and the group, as in the Waterbirds benchmark (Sagawa et al.,2020a)) where
the background scene correlates with the bird species through the labelling process. Because the
conditional independence s L r | (y, g) allows the spurious and causal features to be manipulated
independently, label-mediated correlations are comparatively straightforward to study, and the vast
majority of both empirical benchmarks and theoretical analyses have focused on this case.

In feature-mediated spurious correlations, by contrast, the spurious feature s depends on the specific
value of r, not merely on y. The causal and spurious signals are entangled at the instance level,
making the spurious component harder to isolate experimentally and substantially more complex
to analyse theoretically. To our knowledge, no prior work has specifically provided a theoretical
analysis of learning dynamics under feature-mediated spurious correlations.

This work. We provide, to the best of our knowledge, the first closed-form characterisation of how
features-mediated spurious correlations shape the per-group learning speed of gradient descent. Our
analysis operates at the population level: we study gradient descent on the expected risk under a
neural net learned representation distribution rather than on an empirical average over a finite training
set. This yields closed-form dynamics free of finite-sample fluctuations, while remaining predictive
of the behaviour observed in practice. Our contributions can be summarized this way:

* We generalise |[Soudry et al.|(2018| Theorem 9) to continuous, compactly supported distributions
(Proposition[5.4). The iterates still converge in direction to the max-margin classifier w, but the
residual grows as —w loglogt 4+ O(1), in contrast to the O(1) residual of the finite-sample case.

* We investigate how features-mediated spurious correlation affects neural networks learned repre-
sentation ®(x) (Sections {4 and [B).

* We derive explicit decay rates for the classification error on each group. In the general case, each
group’s error decays as ©(z, ' (In z;)¥s %% 1) governed by its hard-margin ~, (Theorem .
In the isotropic regime, we obtain sharp asymptotics controlled by a single exponent « that encodes
the competition between geometric margins and spurious alignment operators (Theorem[5.3).

* We identify a phase transition at « = 1. Below this threshold, the error of every group decays as
Kq/ (g4 2t), so the group proportion ¢, directly scales learning speed. Above it, the group with the
larger r-margin escapes e-dependence entirely and converges at the faster rate z, * (Figure E]) We
confirm the sharpness of this transition empirically (Figure [).

* We prove a generalisation failure result (Corollary [7.): under correlation shift at test time, the
classifier may reach a non-vanishing error floor when the test margin st < 0.

2 Problem Setup

A classical perspective in statistical learning theory frames nonlinear classification as a two-stage
process: (i) a data representation ® : X — H lifts inputs into a reproducing kernel Hilbert space
(RKHS) H, in which (ii) a linear classifier finds a max-margin separator (SVM) (Scholkopf & Smola,
2002} [Steinwart & Christmannl [2008; (Chen et al.| [2021). In this work we consider a data-generating
distribution of pairs (x, ), where x € R?. The data representation ®(x) = (r,s) € R%+3: satisfies
(r,s) ~ Dyain, where Dy is a continuous compactly supported distribution and where:

s r € R% represents the causal features. Following the principle of Invariant Risk Minimization
(IRM) (Arjovsky et al.| 2019)), these features are the invariant data representation that elicits an
unbiased optimal classifier f(r) = y stable across all groups. Following the same formalism of
IRM, r regroups the parents of y in the Structural Equation Model (SEM) of the problem.
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* s € R% represents the spurious features. These features are predictive of y only through group-
specific correlations. Consequently, a predictor based on s cannot be simultaneously optimal across
different groups.

Since our analysis operates at the population level rather than on a finite dataset, we require a notion
of max-margin separation that is defined directly over the learned representation distribution:

Definition 2.1 (r-separability). We say that the relevant features are r-separable whenever the
following minimum-norm problem admits a solution:

y = argmin|0|®> st Pp,,(y0'r>1)=1 (1)
OcRdr

Throughout this work we assume ||v|| = 1 to facilitate the analysis. Similarly, we have:

Definition 2.2 (full-separability). We say that the full feature representation ®(x) = (r,s) is (r,s)-
separable whenever the following minimum-norm problem admits a solution:

W = argmin |w||* st Pp,,(yw-®x)>1)=1 2

weRdr+ds

We are not aware of prior work that explicitly formulates and uses these population-level minimum-
norm separators; we therefore state the definitions here for clarity and assume that v and w exist.

Definition 2.3 (Features-mediated linear spurious correlation). We say that the feature representation
®(x) exhibits features-mediated linear spurious correlation when the conditional law s | r satisfies:

5|7~ {Ar + &, with probability 1 — ¢, 3)

Br + &, with probability ¢,

where € € [0, 1]. The mappings A, B € R% >4 gre spurious alignment operators encoding how the
spurious signal linearly correlates with the relevant features in each group. & represents the residual
and bounded random noise, dependent only on the r-margin variable:

ELL (ri,y)|v-r, with ry :=r—(v-r. @

Under this definition, the population naturally decomposes into two disjoint groups:
Gi:(r,s,y) st. s=Ar+¢, Ga: (r,8,y) s.t. s=Br+¢, e=Pp, (G2). (O

The spuriousness of s is defined by the condition A # B. This ensures that the optimal linear
classifier from s to y varies across groups, thereby satisfying the definition of |Arjovsky et al.|(2019).
Throughout all this work we use the convention Gy = G1, Gmin = G2, and ®(x) < x for simplicity.

3 Related Works

Theoretical analyses of spurious correlations. Prior theoretical explanations for why ERM relies
on spurious correlations broadly fall into two classes. The first posits that both invariant and spurious
features are only partially predictive of the label, so that the accuracy-maximising classifier cannot
ignore the spurious component (Tsipras et al.l 2018 [Sagawa et al., [2020b; |Arjovsky et al.l [2019;
Ilyas et al|2019; Khani & Liang| |[2020). The second invokes the simplicity bias of gradient-based
training |Rahaman et al.[(2019); Kalimeris et al.|(2019);|Shah et al.|(2020): even when both features
are fully predictive, this model posits that the spurious feature is inherently “simpler” to learn than
the invariant one, so that gradient descent preferentially relies on it (Shah et al., [ 2020; |Hermann &
Lampinen, [2020). Both frameworks have been developed primarily in the context of label-mediated
spurious correlations, and therefore structurally differ from our setting.

At the model level, [Sagawa et al.| (2020b) show that overparameterisation creates a non-vanishing
worst-group error floor in a linear model with spurious features. [Nagarajan et al.| (2020) identify
geometric and statistical failure modes of ERM and show that the spurious weight component
decays slowly under gradient descent. In the high-dimensional regime, Bombari & Mondelli| (2025)
characterises the spurious correlation learned by ridge regression through the covariance spectrum.
Closest to our setting, Jain et al.[(2024) derive closed-form ODE solutions for the SGD dynamics of a
linear classifier on a Gaussian mixture with heterogeneous subpopulations, uncovering a three-phase
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transient behaviour where variance, representation, and spurious shift dominate at different timescales.
Our work differs in loss function (logistic vs. squared), data model (compact support vs. Gaussian),
and the nature of the results: we obtain asymptotic per-group error exponents and a sharp phase
transition at &« = 1, whereas their analysis characterises the full transient trajectory without producing
such exponents. Furthermore, Yang et al.|(2024)) prove that the spurious contribution grows linearly
with correlation strength during early training, and [Bachoc et al.[(2025) provide lower bounds on
the additional training time needed to escape stereotypical predictors that neglect minority features.
These works are complementary to our population-level, linear, asymptotic analysis.

Group robustness and mitigation strategies. Group robustness (Sagawa et al.||2020a) measures a
model’s ability to maintain consistent performance across subgroups. Because the global empirical
loss can mask poor minority-group accuracy, it is common to evaluate via the Worst-Group Accuracy
(WGA). Distributionally Robust Optimisation (DRO) (Sagawa et al., 2020a) directly optimises
WGA but requires group labels at training time. A wide range of methods instead attempt to
achieve robustness without group annotations, including data augmentation (Yao et al., [2022), two-
stage retraining (Liu et al.| [2021} Kirichenko et al.,|2023)), balanced sampling (Idrissi et al.,|2022),
committee-based debiasing (Kim et al.,|2022), shortcut probing (Zheng et al.| 2025)), and gradient-
based proxy selection (Kenfack et al.l [2025). A recurrent empirical finding across these works is
that group balancing, is a key ingredient. Our theoretical results confirm that group proportion € is
indeed a first-order determinant of learning speed in the regime o < 1, but reveal that it becomes
irrelevant once the margin advantage exceeds the critical threshold (o > 1).

4 Feature-mediated Spurious Correlations in Practice

2133 ¢sE7EE

Figure 2: Colored-MNIST dataset. Top row: majority group (maroon background), digits 0-9.
Background intensity increases with digit class. Bottom row: minority group (teal background),
digits 0-9. Background intensity decreases with digit class. The spurious feature (background
intensity) depends on the causal feature (foreground image) through the digit class, a nonlinear
function of the causal feature. The ground truth label y = 14;gj;>5, making this a feature-mediated
spurious correlation.

Figure 3: First principal component of ¢, (horizontal) vs. first principal component of ¢, (vertical)
at epochs 1-5 (left to right). Teal: minority group; maroon: majority group. The minority points
form a tight linear cloud whose slope becomes sharper as training progresses. The majority points
are concentrated near ¢ ~ 0.

While feature-mediated spurious correlation may appear restrictive, it arises naturally in several
important settings. The most direct application is the last-layer retraining paradigm (Kirichenko
et al.,[2023)), where a feature extractor ® is frozen and only a linear head is retrained on balanced
data. Motivated by the linear representation hypothesis (Park et al.| [2023), and by the analysis
of feature superposition (Elhage et all, [2022), we experimentally confirmed (Figures 2}[3) that a
correlation (even non linear) mediated by the raw data features becomes approximately linear in
the model’s learned representation (Section [B]). Beyond learned representations, linear correlation
structure appears in sensor fusion (e.g. radar and lidar reflectance measurements of the same scene
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are related by a linear calibration model that varies with environmental conditions), in tabular data
(where a protected attribute linearly predicts a correlated feature such as credit score, with coefficients
that differ by demographic group or by provider — see Figure[T), in signal processing, where spatial
filtering operations such as convolutions and blurs are inherently linear, or in Language Model
alignment (PPO, DPO), where response length acts as a linearly correlated proxy for underlying
semantic content (length bias |Park et al.|(2024)).

5 Main Results

Consider a linear model f(z,w) with w € R4 trained for a binary classification task: y €
{—1, 1}, with logistic loss function. We are now ready to state our main results. Our main theoretical
results characterizes how features-mediated spurious correlation govern the asymptotic learning pace
of each subgroup.

Theorem 5.1 (General Decay Rates). Assume the learning rates sequence (hy)>o satisfies the
condition 21). Assume the infimums in 23) are achieved at the boundaries yv - r = 4, then:

Onz0%w+&w+&W*1
]Egma.f[l — Py (x7 wt)} =0 < Z’Ymaj+o(1) ’ (6)
t
(Inn 25 ) Yoin-+ Omin+Sin—1
]Egmi"[l - py(X, wt)} - ®< Z’Y’"in—i-o(l) ’ (7)
t

where v, are the group-specific hard-margins defined in Eq 23), 7, are the group-specific r-hard-
margins Eq 26), (04,06,) are defined in Eqs (118)-(T73), the o(1) are uniformly noise-dependent,
and z; 1= Zz;lo hy, is the cumulative learning steps.

We also focus on this following special spurious correlation regime:

Definition 5.2 (Isotropic Regime). A spurious correlation setting is isotropic if v is an eigenvector of
ATA ATB, B"Band BT A. In plain terms, there exist pa, ug > 0, and p such that:

AT Ay = LAY, ATBy = Ny ®)
B'By = UBv, BT Ay = . 9)

In this regime, we assume
—1 < p < min(pa, pp). (10)

We now present our second result.

Theorem 5.3 (Isotropic regime). Assume the spurious correlation is isotropic and assume
the noise & amplitude is small enough (see Eq (106)). Without loss of generality, assume g = 1
and Vyin > 1 and define

@) 9= M (11)

1+ pa
where 74 are the group-specific r-hard-margins Eq [26). Then, under suitable regularity condi-
tions on the data distribution (see Theorem for the precise form)
(i) If o < 1, there exist two bounded factors k,,(Ymin) and ky;,(min) independent of € and
independent of t when the noise £ = 0, such that:
.

Egm[n[l _ p;] ~ Hmin('}/mm) , (12)

t—o0 € 2t

8 i
K '(’Vmin)
¢ maj
Egmu/[l - py} i ?
t—woo (1 —¢)z
(ii) If o > 1, the classification error decay at different rates: there exists a positive bounded
factor Hfmj independent on € and 7, and independent on t when the noise ¢ = 0, such that:

Ht

t maj ] _ (hlzt)affl
Foull—2t] o =, Egfi-g!] = @(<><> .oy
t

t—oo (1—g) z¢’
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with the o(1) uniformly noise-dependent, 0, defined in Eq (I18) noise-dependent, and ce =

a+ O(||¢llec) — « independently on t.
l€ll—0

(iii) Furthermore, these different rate decay are continuous with respect to Yyn, and £ at the
phase transition point a = 1.

Note that the part (ii) condition a>1 is more precisely og> }ig"‘“_‘ >1 as we showed in Proposition
maj
Theorem naturally extends analogously to the mirror case where Ypin=1 and 7y, > 1, by

substituting (¢4, ¥min) < (KB, Ymaj). In the Appendix [EHF, we present a detailed proof for a
simplified setting of Theorem [5.3]and in Appendix [G.I| we present a proof of Theorem [5.1]

Our main results rely on the following generalisation of |Soudry et al.| (2018, Theorem 9) for our
continuous-distribution setting.

Proposition 5.4 (Implicit bias of GD - continuous-distribution setting). Under Assumptions[[ 1}
let w' denote the iterates of population gradient descent (Z10) with any initial point w® and
learning rate sequence (n); satisfying condition 21). Then, as t — oo:

w' = wlogz — wloglogz + O(1), (14)

where z; = ZZ;% hy, is the cumulative learning steps. In particular, the direction of w' still
converges to the max-margin direction:

“ J

A proof of this result is provided in Section|l| with two versions: variable and fixed step-sizes. This
result shows that unlike in the finite dataset case, the residual term p? := w® — wlogt is no longer
bounded. Section [7]discusses this difference.

6 Experiments

We validate our theoretical predictions on a synthetic data pipeline that instantiates the isotropic
regime (Definition[5.2) in a realistic tabular setting. All experiments use full-batch gradient descent
with logistic loss, constant learning rate h = 0.01. Code is provided in the supplementary material.

Experimental setup. In many real-world tabular pipelines, practitioners concatenate raw, verified
measurements (e.g. lab results, income records) that get encoded in the feature space as r € Rdr,
with derived risk scores produced by external vendors (see Figure , encoded as s € R%. As
demonstrated empirically in Section ] the dependence of these derived risk scores on the raw
measurements linearises to take this form:

a-sweep overlay (€= 0.1, N = 10°)

Majority: compensated by z; Minority: compensated by zx1<! 2se
(plateau = 1/z decay) plateau « correct exponent)

050 o7 100 125 150
Theoreticala

Figure 4: a-sweep overlay (¢ = 0.1, N = 10%, T = 2 - 10°). Left: majority errors compensated
by z: plateau for all a, confirming the universal 1/z; rate. Middle: minority errors compensated
by (1) also plateau, confirming that the theoretical exponent is correct across the full sweep.
Right: empirical decay exponent /3 vs. theoretical a. Dashed lines: theoretical predictions (flat at 1
for majority; max(c, 1) for minority). This provides evidence for the phase transition Theorem
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Rescaled minority (a = 0.70 < 1): all & collapse onto Knin Rescaled minority (a = 1.50 = 1): all 0 (e-independent rate)

— =001
s

Figure 5: Rescaled minority error € - errp,;, - ¢ for various . Left (o« = 0.7): all curves collapse onto
the theoretical constant ki, (dashed line), confirming the exact prefactor predicted by Theorem[5.3}
(i). Right (oo = 1.5): all curves tend to zero together, confirming e-independent decay.

s=Ar+ ¢ (for vendor 0), s=Br+¢ (forvendor 1), (15)

Because both vendors attempt to capture the same underlying phenomenon, we can naturally assume
the isotropic regime by construction. We fix p4=pup=1, u=0, d,=d;=8, and vary J;, through a.
All runs last 7' = 2 - 10 training steps, and use N = 10° samples. We used a truncated Gaussian
noise according to condition (28).

Asymptotic rates and phase transition. We fix ¢ = 0.1 and sweep « € {0.5, 0.7, 1.0, 1.3, 1.5}.
Figure @ displays the compensated errors for all « values overlaid. The left panel shows the majority

error decays at 1/z, rate since all curves plateau at £maj()/(1—¢). The middle panel shows the

minority error decays at 1/z;" ax(1.2) rate since all curves plateau, matching Theorempredictions.

The right panel illustrates the phase transition by plotting the empirical decay exponent 3 (obtained
via log-log regression) against the theoretical o.

Impact of group proportion.

We fix two representative « values (one below and one above the phase transition) and sweep

e € {0.01, 0.05, 0.1, 0.2, 0.5}. Figure(left) shows the rescaled quantity ¢ - erry, - z;nax(l’a) for
both a. At a < 1 (left panel), all five curves collapse onto the single constant £pin, confirming the

1/(e- 2" ax(l’a)) rate decay of the classification error. At a > 1 (right panel), all curves tend toward
zero together regardless of ¢, confirming that the minority rate G)(zt_ “(In zt)"_l) is e-independent
once o > 1.

7 Discussion

Scope of the Isotropic Regime. The isotropic regime (Definition[5.2) is less restrictive than it may
first appear: we show in Section [C| that any operators (A, B) with ds > 2d,. admits an isotropic
reparametrisation (A’, B’) provided the minimum displacement d* (Eq (@0)) is small enough for the
noise condition (T06) to hold. In the overparameterised setting ds > d,. that is typical of learned
representations (e.g. the last-layer retraining paradigm), this dimensional requirement is easily met.

Table 1: Summary of differences from Soudry et al.|(2018). ~, is the group-specific margin, ¢, the
group proportion, ¥, the group-specific r-only margin.

Finite dataset (Soudry) Continuous dist. (ours)

Gradient structure finite sum Laplace integral
Support set finite S with |S| < d {x - @ = 1}, measure zero
Residual p(t) O(1) (Thm. 9) —wloglog z¢ + O(1)
Direction convergence O(loglogt/logt) O(loglog z¢ / log z¢)
Classificati 1 ’ifq(fyg)/('zt Ey)* (145.)45

assifics —a _

assification error ot ) H_f](’yg)/(zt ag)and@(zt 13 g g(logzt)%*l) *%

@(z;wg (log zt)79+59+‘§g*1) *kk

* Decay rate in the isotropic regime (a<1).

xx Decay rate in the isotropic regime (a>1), g = min * % % General coarse decay rate.
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When is group balancing sufficient? A widely adopted conclusion in the group-robustness liter-
ature (Liu et al.,|2021; [Yao et al., |2022; [Idrissi et al., [2022; [ Kim et al., 2022) is that balancing the
group proportions, whether by resampling, reweighting, or data augmentation, is the primary lever
for improving worst-group performance. Our isotropic regime results provide a precise theoretical
grounding for this claim, and at the same time delineate its limits.

When a < 1, the error on each group scales as &/, /(¢4 2;). In this regime, the group proportion ¢,
acts as a direct multiplier on the learning speed: a group that is ten times smaller learns ten times
slower. Balancing (¢ = 1/2) equalises the denominators and is therefore an effective intervention.

. 1+ Gug) — Smin+0( 1 _
However, when o > 1, the minority error decays as @(zta € (1+maj) = GminF-o )(ln 7)€ 1), a rate

that does not depend on ¢ at all: the minority’s geometric margin advantage is large enough that it
learns faster than the majority regardless of how small it is. In this regime, the majority group is the
bottleneck, and its rate 1/((1—¢) z;) is the one that benefits from balancing.

This reveals a range of A, values, specifically 1 < Fnin < (14p4)/(144), where the spurious
correlation still influences the learning dynamics through €, and balancing is a meaningful intervention.
Beyond this threshold, balancing the groups no longer accelerates the slower group; the margin
geometry has become the binding constraint.

Interpretation of the main results. (i) The role of . Theorems[5.1]and [5.3]together paint a coherent
picture of how spurious correlations govern optimisation dynamics. Theorem [5.1] generalises the
classification error analysis of |Soudry et al.[|(2018) to a multi-group population and shows that, in
full generality, each group’s error decays at a rate controlled by its hard-margin ;. Theorem
then zooms into the isotropic regime and reveals that the effective quantity controlling the decay
rate is the exponent & = Ain (14+1)/(1+4p14), not the r-margin i, alone. The exponent « captures
a competition: the minority group’s geometric margin advantage (Jmin > 1) is discounted by the
coupling ratio (14+p4)/(14+x) > 1, which measures how efficiently the majority’s gradient drift
propagates to the minority logits. In other words, the spurious features “absorb” part of the minority’s
margin advantage, and « quantifies exactly how much survives.

Aligning the two theorems in the isotropic regime yields the identity Ymin = max(1, o (1 + dmaj) —
Omin) /& max(1, «), providing an explicit relationship between the global hard-margin ~;, (which
determines the coarse rate in Theorem[5.1)) and the r-margin i, modulated by the spurious alignment
eigenvalues. The critical threshold 7.it = (1+p4)/(141) depends on the coupling 1 between the
spurious alignment operators and the “diagonal” eigenvalue (i 4.

(ii) Phase transition at o = 1. Below the threshold (« < 1), both groups’ errors decay at the same
1/z, rate, but with group-specific prefactors ry/e,. Above it (o > 1), the two groups decouple: the
majority still decays as 1/((1—¢)(1+4) 2 ), while the minority accelerates to z; *(In z;)* ! in the
noise-free case. When feature noise is present, the minority exponent becomes cvg (1+0maj) —min > 1,
a noise-dependent perturbation of « that converges back to « as the noise amplitude vanishes (see
Eq (T40)). The phase transition is continuous: at & = 1, both the prefactors and the exponents match
smoothly across the two regimes.

Features-mediated spuriousness Generalisation Failure. Most works on label-mediated spurious
correlation observe a generalisation failure of the worst-group accuracy when the model is evaluated
on minority-group samples underrepresented during training (Kirichenko et al., 2023} [Sagawa et al.,
2020a; Nagarajan et al.| [2020). Under ERM, the classifier places excessive weight on the spurious
component, making it vulnerable to any shift in the spurious correlation structure between training
and test. This naturally extends to our Expected Risk Minimization setup by defining a continuous
test distribution Di.s With a shifted spurious correlation:

Ftest 1= eslsDinf yv-r, s|r ~ Cr+¢, under Diegt, (16)
[ Drest

where C' € R% *4r is an arbitrary spurious alignment operator. Define the projected test weight and
test margins: writing @ = [0, W] (see Eq (@),

X = ﬁ)r + CTUA)s, ’Ytest(c) = (reES)S lan ()A( T+ ws : 5)7 5lest = 5+ (;?test)y Stest = 5-‘,- (&test)y
(17)

with d, 5+ defined in Eqs (TT7) and (T68). We formulate these following generalisation results:
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Corollary 7.1 (Accuracy ceiling under correlation shift). Assume the infimum in is achieved
at the boundary yv -1 = Fies : Yiess = Youl — Orestr With 7oy := ess infy gy r=5,, 1X - T} We
have the following cases:

(D) If Vet (C) > 0 (test group still separated by w), then

(log zt)'v/m+6,m+5w_1
EDW[l — py(x, wt)] = @( — ’
2

(18)

where the o(1) is uniformly noise dependent. The test group error still vanishes, but at a rate
governed by e (C).
(ii) If Yt (C) < 0 (test group not separated by w):

Jim Ep,,[1—py(x,w")] = Pp, (X r+1id-€<0) > 0. (19)

Part (ii) reveals a non-vanishing error floor caused by the correlation shift (proof in Section [G).

Differences between the finite and the continuous settings. Table [I| summarises the structural
differences between Expected and Empirical Risk Minimization settings |Soudry et al.| (2018]).

(i) Origin of the loglog t term in Eq (T4). In the finite-sample setting, the gradient at time ¢ is a finite
sum over support vectors, and its leading term matches /¢ exactly via/Soudry et al.| (2018l Eq 21),
since the residual gradient r (reusing their notations) is strictly dominated because it is integrable.
In the continuous-distribution setting, the gradient is a Laplace integral (via the disintegration
theorem, Eq . By Watson’s Lemma the leading term is ¢! /log ¢. The additional 1/ log ¢ factor
creates a systematic mismatch between the gradient and w /¢, which accumulates over time into the
— loglog t correction. This mechanism is entirely distinct from the degeneracy-driven O(loglogt)
growth in|Soudry et al.| (2018} Theorem 13).

(ii) Absence of the zero-activation degeneracy. In the finite-sample setting, when certain support
vectors have exactly zero activation (i.e. w - x; = 0 for some support vector z;), the residual p(t) can
grow as O(loglog t) rather than remaining bounded — the degenerate case treated in|Soudry et al.
(2018}, Theorem 13). Our continuous-distribution framework sidesteps this issue entirely: the margin
density A\(z) is assumed strictly positive and continuous at the boundary z = 1, so the gradient
contribution is spread over a continuum of margin values rather than concentrated on isolated support
vectors. This is at once a theoretical strength — the analysis is cleaner and the resulting rates are
sharper — and a modelling limitation, since finite datasets can exhibit such degeneracies in practice.
The finite-sample concentration analysis that would bridge the two regimes is left to future work.

8 Conclusion and Limitations

We have presented a mathematical analysis of how features-mediated spurious correlations shape
the per-group learning dynamics of gradient descent. By working at the population level on com-
pactly supported distributions, we obtained closed-form group-wise classification error rates that are
governed by two quantities: the group proportion €, and a composite exponent « that encodes the
competition between geometric margins and spurious alignment operators. The phase transition at
a = 1 cleanly separates a regime where group proportion is the dominant factor from one where
margin geometry supersedes it. These results formalise the empirical intuition that group imbalance
slows minority learning, while clarifying the precise conditions under which this effect can be entirely
overcome by favourable geometry. Beyond training-time dynamics, our analysis reveals that when
the testing group is not separated by the learned weights: s (C) < 0, a non-vanishing error floor
emerges, irrespective of how long training continues (Corollary [7.).

Limitations. Our analysis rests on several simplifying assumptions. First, the population-level
analysis avoids finite-sample effects; bridging the gap to empirical risk via concentration inequalities
remains open. Second, we treat binary classification only. These limitations pave the ground to
several potential future works. The multi-categories generalisation, where the linear relationship
takes more than two forms, would significantly broaden the scope of the theory, and a finite-sample
version of our results, connecting the population-level rates to empirical convergence via uniform
concentration bounds, would complete the bridge between theory and practice.
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A Notations

The model parameters after ¢ training steps are denoted w! = [w! w?!] € Rér+ds,

Denote p.(x,w) = o(cw - ) the predicted probability of input 2 being in class ¢ € {—1, 1}, where
o is the sigmoid function 1/(1 + ™).
We use the logistic loss function ¢(f(z,w),y) = —logp,(x,w), and the objective function is

L(Dyain, w) = Ep,,[0(f(xX,w),y)]. The parameters are updated via population gradient descent
with step size hy:
w'™ = w' = bV L(Diain, w'). (20)

We assume that the sequence (h;);> satisfies
> hi=+00 and Y hi<oo,  h >0, 21)

and we denote z; := ZZ;B hy is the cumulative learning steps.
For any vector u € Rd7‘\{0} we denote the orthogonal projections

I, :x € R ” ” ” T € Span{u}, M,:zeR¥ — 2 — W W € Span{u}*, (22)
so that IT,, + 1T, = I4,..
v is the solution of the minimum-norm hard-margin problem:
v = argmin ||0]]> st Pp,.(y 6'r > 1) =1, (23)
OcRar
and throughout this work we assume ||v|| = 1 to facilitate the analysis.
w is the solution of the minimum-norm hard-margin problem:

W = argmin |w|® st Pp,(yw-x>1)=1 (24)
weRdr+ds

Both v and @ are assumed to exist in our setting.

Define the group-specific hard-margins for the two groups as:

Tmaj = essinf yab - x, Ymin = essinf yw - x, min(Ymaj, Ymin) = 1, (25)
( 79)‘gmdl ( y)‘gmm
and the group-specific r-hard-margins for the two groups as
Ymaj = essinf yv-r, Amin = essinf yv-r, min(Ymaj, Jmin) = 1. (26)
( 7y)|gmu ( 7y)|gmm

We work with compactly supported distributions, therefore we define the constants K, and R:
Ir]| < K almost surely, (27)
Il < R almost surely. (28)

In the isotropic regime Definition v is a common eigenvector for AT A, ATB, BT B and B A.
We therefore denote (4, i15, and p their corresponding positive eigenvalues:

AT Av = pav, A"Bv = pv (29)
BTBv= LBV, BT Av = V. (30)

Define the quantity
Y= (14pa)(14pp) — (L4p)? > 0, (31)

which is strictly positive under condition [T0]

Write Z := v - r, the r-margin variable. We denote Ap,j and Ayin the continuous probability density
functions, such that Amaj(Fmaj) > 0, Amin(Ymin) > 0, and

( | ) )\maj (Z) ]l[’ymaj,K] (2) lfg = gmaj7
g)= .
)\min(z) ]l[ﬁ.nin,K](Z) lfg = gmin»

We absorb the label into the feature: redefine x < yx so that we may assume y = +1 almost surely.
In this convention also note ¢* := 1 — p!, =1 — pf.

(32)
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B Features-mediated Spurious Correlation Linearises in Learned
Representation

A natural question to ask is: what does the feature representation ®(x) looks like when the raw-data
x present correlation between the causal and spurious features ? Does the learned representation
preserves this correlation? If yes, does that correlation linearises or does it take another form ?

We construct a controlled experiment on a variant of colored MNIST that introduces a nonlinear,
feature-mediated spurious correlation by design, train a nonlinear classifier (MLP), and use sparse
autoencoders (SAEs) (Huben et al.| 2024)) to decompose the learned representation into causal and
spurious components. The main finding is that even though the input-space correlation is mediated by
a highly nonlinear function (digit class, which is a nonlinear function of raw pixels), the representation-
space relationship between the causal and spurious SAE features is approximately linear within each
group, therefore aligning with the linear feature-mediated model assumed in our theory.

All the codes are available in the supplementary files.

B.1 Experimental Methodology

Dataset construction. We build on the MNIST dataset (N = 70,000 images) and introduce a

feature-mediated spurious correlation through the background color. Each image is assigned a binary

label y = 1gigi>5 and, independently of y, is placed into one of two groups:
|0 (majority) with probability 1 — ¢, (33)
|1 (minority) with probability ¢,

with € = 0.1. The digit foreground is rendered in grayscale. The background color and intensity are
then set as follows:

* Majority (maroon background): intensity = 6 + (1—¢) - (digit_class+1)/10, increasing with
digit class.

* Minority (teal background): intensity = ¢ + (1—0) - (1 — (digit_class+1)/10), decreasing with
digit class.

Here § = 0.15 is a floor that prevents pure-black backgrounds. The intensity is monotonically
determined by the digit class, but the digit class is a highly nonlinear function of the raw pixel values
r. Figure [2illustrates the resulting images.

This construction produces a feature-mediated spurious correlation: the spurious feature s (back-
ground intensity) correlates with the label y through the causal feature r (through the digit class).
That correlations takes two forms depending on the group: in the majority, higher digits produce
brighter backgrounds; in the minority, higher digits produce darker backgrounds. This mirrors the
A # B structure of Definition but with a nonlinear input-space map because the map from raw
pixels to digit class is highly nonlinear.

Model and representation extraction. We train a 4-layer MLP, binary cross-entropy loss, Adam
optimiser, learning rate 10~3) and extract the penultimate-layer activations ¢(z) € R12® at training
checkpoints (epochs 1-5). Early stopping stopped the training after 5 epochs, preventing overfitting.

Sparse autoencoder decomposition. To decompose ¢(z) into causal and spurious components,
we train a sparse autoencoder (SAE) on the extracted representations at each epoch. FollowingHuben
et al.| (2024), we learned a dictionary matrix M € R *128 with d;, = 512, four times the feature
space dimension of ¢(z) and with an L; regularisation coefficient « = 0.03. All SAE achieves
> 99.9% variance explained with an average of ~20 active features per sample.

Furthermore, writing
c=ReLUM ¢(z) +b), ¢=M"c, (34)

then ¢y, represents the feature fj (whose direction is the k—th row of M) activation on instance ¢(z).
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Feature classification via group-conditional correlations. Each SAE feature f} is classified as
causal, spurious, or weak/dead using group-conditional correlations with the digit class d:

po(k) = corr(cg, d | g=0), p1(k) = corr(cg, d | g=1). (35)

Within the majority (¢9=0), background intensity increases with d, so both r-features and s-features
have pg > 0. Within the minority (g=1), background intensity decreases with d, so an r-feature
(tracking digit shape, invariant to color) retains p; > 0, while an s-feature (tracking background
color) has p; < 0. This yields the classification rule:

=
=
=

r-type if po(k) p1(k) > 0 and min([po(k)|, |p1(K)[) =
Jr is {s-type if po(k) p1(k) < 0 and min(|po(K)l, |p1(k)]) = , (36)
weak  otherwise,

with threshold 7 = 0.2. Figure @ shows the (pg, p1) scatter for a representative epoch. The r-features
(blue) cluster along the diagonal pg = p;, while the s-features (red) appear in the off-diagonal
quadrants (py = —p1), confirming that the classification cleanly separates the two types.

Linearity of the ¢, — ¢; map. Let ¢, = (cx)rer and ¢s = (¢ )res denote the subvectors of
SAE activations ¢ corresponding to r-type and s-type features respectively. We fit a Ridge regression
¢r — ¢, within each group and measure R? (variance-weighted, multi-output). Tablereports the
results across all five checkpoints.

Null-distribution control. To verify that the R? values reflect genuine structure rather than dimen-
sional artefacts, we perform a permutation test: the rows of ¢ are shuffled (as a block, preserving the
internal correlation structure among s-features) within each group, and the Ridge regression is refit.
This is repeated 1000 times to obtain a null baseline. The null R? values are three to four orders of
magnitude below the observed values (Table E[), with all empirical p-values below 0.001.

Table 2: SAE decomposition and linearity across training epochs (agag = 0.03, 7 = 0.2). n,,
ns: number of classified r- and s-features. R?naj, R2. : coefficient of determination of the Ridge
regression ¢, — ¢, within each group. R? ;: mean R? under 1000 random permutations of ¢
(within-group), establishing the null baseline.

EpOCh Uz s Rlznaj erlull, maj R12nin R121ull7 min AVg active
1 8 1 0.669  0.0001 0.417 0.001 16.4
2 19 13 0.792 0.0002 0.977 0.002 26.7
3 8 5 0415 0.0002  0.998 0.001 20.2
4 16 6 0.382 0.0005 0.998 0.001 20.7
5 14 14 0.777  0.0003 0.997 0.001 21.8

B.2 Results and interpretation

Minority group: near-perfect linearity. From epoch 2 onward, R2. > 0.977, indicating that
the linear map ¢, — ¢ explains essentially all the variance of the spurious features within the
minority group. Furthermore we observe that even though the input-space relationship between digit
identity and background intensity is highly nonlinear, the MLP’s learned representation linearises
this relationship almost perfectly.

Majority group: weaker but significant coupling. The majority R?naj is lower and more variable
across epochs (0.38-0.79), but remains orders of magnitude above the null baseline. This still
supports the assumption of correlation linearisation in the learned representation feature space.

Figure 3| displays the first principal component of ¢, against the first principal component of ¢ for
all five epochs, with points colored by group. Two consistent patterns are visible across all epochs:
(i) The minority (teal) points form a tight, approximately linear cloud with a clear slope. (ii) The
majority (maroon) points are concentrated near ¢, ~ 0 (flat), indicating that the s-features carry little
additional information beyond what is already captured by the r-features.
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Figure 6: SAE feature classification at epoch 2 (left) and epoch 5 (right). Each point is one SAE
feature; axes are group-conditional correlations py (majority) and p; (minority) with digit class. Blue
(r-features) cluster along py = pi; red (s-features) in the off-diagonal quadrants.

Conclusion. The colored-MNIST experiment demonstrates that the linear feature-mediated model
s = Ayr + £ can emerge in a learned representation even when the input-space relationship is
nonlinear. The key mechanism is that the MLP, through gradient descent, learns a representation in
which the nonlinear digit-class information is encoded as a set of approximately linear features. This
finding goes further than our initial assumption: rather than merely preserving a pre-existing linear
relationship, the representation actively linearises a nonlinear one.

C Scope of the Isotropic Regime.

Our sharpest rates (Theorem [5.3)) require the isotropic regime (Definition[5.2), in which v is a common
eigenvector of the four alignment products ATA, ATB, B'B, BTA. A natural question is whether
this condition is genuinely restrictive. We show that the class of operator pairs (A, B) to which
Theorem 5.3 applies is strictly larger than those that are already isotropic.

Because the noise & depends on the margin variable Z = v - r (see Eq (@), one may decompose any
pair (A, B) as

A=A +uuv', B=B +ugv', (37)
for vectors w4, up € R%, and treat the residuals 5; := Z ug as additional noise. By construction 5;

depends only on Z, so the conditional independence £’ L (r, ,y) | Z holds automatically, and the
total noise £ + £’ remains compatible with our setup.

For (A’, B') to be isotropic, one needs A’ 'C’v o< v for each C’ € {A’, B’} and similarly with B':
A'v, B'v € K:=ker(Ily0 AT) N ker(Ily 0 BT), (38)

where I, is a notation introduced in Eq (22). Each map I, 0 AT, TI, 0 BT : R% — Span{v} has
rank at most d, — 1, so dim(KC) > ds — 2(d, — 1). The subspace K is therefore nontrivial whenever
ds > 2d, — 1. Finding the closest isotropic pair amounts to minimising

ds((A",B), (A,B)) = sup |[(A'=A)r[|+ sup [(B'=B)r|
r€supp(r) re&supp(r)
5 K (llwall + ) (39)
= K(|Av— A'v||+ |Bv— B'v||)  such that,
JE, ds((A B, (A B) 2 K (Ml (V)] + - (B)])
=:d* (=0 iff (A, B)is already isotropic), (40)

where (1) uses Eq and (2) uses the condition (38). The resulting eigenvalues are p 4 = || A'v||?,
wup: = ||B'v||?, and i/ = A’v - B'v, and the attractive regime condition is satisfiable whenever
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dim(K) > 2 (i.e. ds > 2d,.), since one can break positive collinearity of A’v and B’v by perturbing
within /C.

When all these conditions are met, the absorbed noise inflates the amplitude bound to R’ = R +

K max(|lual|, |up||) and simultaneously reduces the signal strength 9’9 - v = 99 - v — u, - W,
(see Eq (T03)), so the noise condition (T06) may fail for large ||u,||.

In summary, the isotropic regime is less restrictive than it may first appear: any (A, B) with d; > 2d,
admits an isotropic reparametrisation provided the minimum displacement d* is small enough for
the noise condition to hold. In the overparameterised setting ds > d,. that is typical of learned
representations (such as the last-layer retraining paradigm), this dimensional requirement is easily
met.
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D Relaxed Version of Theorem

We make the following very natural extra assumptions to make the proof simpler and we explain in
Section[Hhow to lift them.

Assumption D.1 (Zero-mean Component). Writer| :=r — Zv € Span{v}~, the component of r
perpendicular to v. Then,

]E[rJ_ ‘ Z7 g] =0 for allg S {gmaj7 gmin}~ (41)
Assumption D.2 (Initial condition). Writing the projected parameters
Yri=wl + ATwl e R, ¢y :=wl + BTw! € RY, (42)

the model initialization satisfies

vt > 1, V.o > 1, I, = 0, I, ¢ = 0. (43)
Special extra-condition x In Section we further assume (v - 1o,v - ¢g) € T, where T is
introduced in Eq (74).

Assumption D.3 (Noise-free case). For clarity, we analyze the dynamics without perturbation, setting
£E=0.

Assumption [D.T]is simply made to make the perpendicular gradient vanish (Lemma[E-T)). In Sec-
tion [F-I we discuss how to lift this assumption.

Assumption is very reasonable in light of Remark [E.4] and guarantees numerical stability as
required in the proof of Propositions and The orthogonality condition IIy¢)g = IlIy¢g = 0
goes hand in hand with condition {1)). A discussion on how to lift this assumption is presented in
Section[FI] The special condition * is very mild as well as explained in Remark [E.]

Assumption[D.3]is introduced solely to simplify the computations in the proof. This assumption might
seem to overly simplify the problem, but it is still aligned with formalism of spurious correlation
Section |Zl In fact, although it makes s a deterministic function of r, the function itself is not linear
(A # B). Therefore, a linear model that learns to rely on s would fall in a spurious pattern trap. A
discussion on how to remove this assumption is presented in Section[F.2]

‘We now restate the theorem in the isotropic regime.

Theorem D.4 (Isotropic regime). Assume the spurious correlation is isotropic [5.2] and that
assumptions|[D.T{D.3) are verified. Without loss of generality, assume Ypg; = 1 and Ypin > 1 and
define
o
o= M (44)
L+ pa
Then
(1) If o < 1, there exist two positive cOnstants Kmq; and kpin independent on € such that:
Kmaj i’min(l""_ﬂB) - (1+:U/>
Eg [1—pf] ~ —24 = 45
gnm/[ py] t—00 (1 _ 5) 2 ) K;maj ;)'/min Z ) ( )
ot Rmin R (1+MA) - ’S/mm(]-'i_lu‘)
Boull =] 5 2o fmin = > , (46)
with ¥ defined in Eq (31).
(ii) If « > 1, the classification error decay at different rates:
1
g, [1-p)] ~ ——r 47
wll =P 3 T 47)
In Zt o=l
o1 -5 = o 22). as)
t
(iii) Furthermore, these different rate decay are continuous with respect to 4, at the phase
transition point o = 1.

19



587

588

589

590

591

592
593
594
595
596
597
598
599
600
601
602

603

604

605

606

607

608
609
610
611

612

613

614
615

616
617

618

Continuity at the phase transition At the threshold o = 1 (i.e. Jmin = (14p4)/(14p)):

* Kmin(Jmin) — 0: the factor of the minority’s 1/z; rate vanishes continuously.
* Kmaj(Jmin) — 1/(14p4): the majority factor continuously matches the Regime (ii) rate (7).
* The minority rate (In 2;)*~1 /2% with &« — 1% approaches 1/2;, matching Regime (i) rate (%6).

E Proof of Theorem D.4

The proof proceeds in four stages. First, we establish geometric properties of the gradient updates
(Lemma [E.T|and Proposition[E.Z): the weight symmetry inherited from the loss and the conditional
zero-mean structure of r together confine the parameter trajectory to the one-dimensional subspace
Span{v}, reducing the high-dimensional dynamics to the scalar projections a; := v-1); and by := v-¢;.
Second, we derive the coupled recurrences satisfied by (a;, b;) (Proposition , identify them as an
Euler discretisation of a 2D autonomous ODE, and control the approximation error (Lemma [H.6)).
Third, an asymptotic synchronisation argument shows that the gap a(z) — b(z) converges to an
explicit constant d determined by the eigenvalues 1 4, pt5, p and the group proportions, effectively
reducing the 2D system to a single perturbed 1D equation. Finally, Laplace-method asymptotics and
the solution of the resulting ODE (Proposition combine to yield the group-wise rates xpm,j and

Kmin-

E.1 Auxiliary Results

Lemma E.1 (Perpendicular Gradient Vanishes). Forallt > 0 and g € {Guaj, Gmin }»

Eg[qt rJ_] =0, wherer, :=r —IL,r =1l,r.

Proof. We proceed step by step.

Joint induction. We prove the following two facts simultaneously by induction on ¢ > 0:

(D % -ry =0and ¢ - r; = 0 almost surely.
(H) Eg[qtrL] =0 fOI'g S {gmaja gmin}-

Base case (t = 0): [(D|holds by Assumption[D.2] [(II)] then follows from the cancellation argument
below, applied with IT,¢y = II,¢g = 0.

Inductive step: Assuming|(I)at time ¢, the argument below establishes at time ¢. Proposition[E.2]
then uses|(II)|at time ¢ to establish|(I)]at time ¢ + 1.

The model’s predicted logit is
w' e x = (wy) 1+ (wg) s = {

(Wt +ATwl) - r =1 -r onGuy,

49
(wi + BTwZ) r= ¢t ‘T on gmim ( )

so that ¢' = o(—; - ) on Gyj, and ¢* = o(—¢; - 1) on Gpin. Expanding r with r = Zv +r | (see
Assumption [D.T)):
ONnGryj: ¢" =o(—thy v)=0(—v - Z -1y -th) = 0(—v- 1y Z), (50
On Gpin : qt = U(—¢t : 1‘) = U(—V'¢tZ—I’J_ : ¢t) = U(_V'¢tZ)» (5D

where we used the inductive hypothesis r; -¢; =0andr, - ¢ = 0 almost surely to remove the
r -terms. Therefore, ¢q* becomes a function of Z and by the total expectation property we have:

Eg[a'r1] = Eg,[o(-v-6.2) -Elri | Z, Gu] | =0
—_———

= 0 by Eq #I)
The same argument with 1, instead of ¢, yields Eg,, [¢'r1 ] = 0. O
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Proposition E.2 (Parameter Updates Stay in Span{v}). Forallt > 0,
Pp-rp =0 and ¢s-r; =0 almost surely. (52)

Proof. Let’s write ¢y 11 — ¥ = —h(Vy, LE+ ATV, LY.
On one hand, using Lemma[EJlandr = Zv +r :

VL' = ~Ea'r| = ~E[Z¢']v - Elg'r.] = ~E[Zq']v. (53)

——
=0
On the other hand, by Eq (3):
V. L' = —E[¢'s]
= — ((1 —e)A Egmaj[qtr] +eB Egmm[qtr])

- ((1 — &) Eg,,[Z ¢'| Av + e Eg,,[Z '] Bv) (by Lemma|ET) (54)

Since TI,¢9 = 0 (Assumption D.2)), and the update 1,1 — ¥y = —hy(V Lt + ATV, L?) lies
in Span{v} + AT Span{Av} + A Span{Bv} = Span{v} (under isotropic regime , it follows
by induction that ¢, - r; = 0 almost surely for all ¢£. The same argument gives ¢, - r; = 0 almost
surely. O

E.2 Discrete and Continuous Error Dynamics
Now we can write the scalar equations that characterize the group-wise classification errors. We show
that these discrete recurrence equation can be seen as approximations of a 2D-ODE.

Define the group-specific drift functions

K K
Limaj () = /1 20(—x2) Amgj(2) dz,  Iin(z) = / zo(—22) Amin(2) dz,  (55)
Y

where Ay, and A, are the group densities from Assumption Both functions are decreasing.

Define the scalar projections

ag :==V- iy, by ==V - ¢y. (56)
Proposition E.3 (Coupled Scalar Dynamics). Under Assumptions the scalars a; and
by evolve according to the coupled recurrences
arr1 —ap = he(1 — €)1+ pa) Igj(ar) + he € (1 4 1) Zinin(be), (57)
bt+1 — bt = ht 6(1 + /J'B)Imin(bt) Sl ht(]. — E)(l -+ /,L) Imaj(at). (58)
Moreover, under condition[I0|the two sequences are strictly increasing and for all t > 0,
ar >1 and by > 1. (59)

Proof. By combining Eqs (33)-(34),
V1=t = —hy (Ve LF + ATsz'Ct)
=hE[Zq¢' v+ (1-e)hEg,,[Z ¢"| AT Av + eh, Eg, [ Z '] AT Bv
=h(1—€)Eg,,[Z¢']|(v+ AT Av) + eh Eg,,.[Z '] (v + AT Bv)

= ht(l - 5)(1 + MA) Egmaj[Z qt}v + hte(l + M) Egmin[Z qt] v, (60)
using Eq (29) in the last line. By an identical argument we also get:
¢t+1 — ¢t = htE(l + MB) ]Egmi“[Z qt]V + I’Lt(l — 6)(1 + ,LL) Egmaj[Z qt] V. (61)
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Projecting Eq. (60) onto v:
ary1 — ap = he(1 — &) (1 + pa) Eg, [ Z ¢'] + hee(1 + p) Eg,..[Z ¢']. (62)

Using Eq G0)-G1), ¢' = 0(—a1Z) on Guyj and 0(—b;Z) on Gin, and since Z | G, has density ),
for g € {min, maj}(Assumption [D.1)) we then have:

K
E¢.uZ ¢'] = Eg,,|Z o(—a:Z)] = /1 20(—a12) Amaj(2) dz = Tingj(ar)

K
B0, [20] =Eau[Z0(-b2)] = [ 20(-b02) Ain(2) d2 = Tin(br).
;S,

Substituting back:
i1 — G = ht(l — 5)(1 + HA)Imaj(at) + ht{‘: (1 + ,LL) Imin(bt)-

Because Zingj(), Zmin(2) > 0 for all z, and given that 1 + > 0 by condition [10} and (ag, bo) =
(V- 1o, v- o) > 1 by Assumption the sequences (a;) and (b;) are strictly increasing and
at, by > 1 for all ¢ by induction. O

( R

Remark E.4. We highlight two useful observations:

(i) The sequences (a;)¢>0 and (b;);>¢ are strictly increasing and diverge to +cc. In fact, if for
instance (a;):>0 was upper bounded, and if we denote a, oo € R U {400} their limits,
one would get

((1 —&)(1+ pa) Imsj(aco) + (1 + uB)Imm(boo)) Z hy < Z(at_l,_l —ay) < 0.
>0 >0

Under condition @), this is only possible if ao, = b = 400, which is impossible since
we assumed (a;) was bounded.

(ii) Equations (57)—(58) are explicit Euler schemes for the 2D autonomous ODE
(u(z), v(z)) = F(u,v), (u(O), 1}(0)) = (ao, bo) (63)
where the 2D vector field ' is defined as

Fla,b) = ((1 —&)(1 + pa) Tmgi(a) + (1 + p) Imin(b)) |

£(1+ 15) Zuin(®) + (1 — €)(1 + ) Togi(a) 4

Defining z; := ch;lo hy, we will approximate a; =~ u(z;) and by = v(2;) in Lemma

From now on we work with the continuous trajectory (a(-), b(+)) for the synchronisation analysis;
the discrete dynamics is recovered a posteriori via Lemma[H.6|and Lemma[H.9]in the conclusion

(Section [E-4).
E.3 ODE Synchronisation

Let A(z) := a(z) — Ymin b(2) denote the gap between the two trajectories. Subtracting the two
coordinates of F' (64) and using « introduced in Eq (#4),

(L= &) (U pa) = Foin (14 1) Towg (@) = & (Foin (1 + 1) = (L + 1)) Zouin (1)

= (1= 2)(1+ 1) (1 = @) Tog(@) — = (oin (1 + ) = (1+ 1)) Toin () (65)

A

We seek a constant gap d € R for which the leading-order forcing of the gap dynamics cancels on the
manifold Mg := {(a,b) € R? : a = Amin b + d}. Mg is never invariant at finite time (i.e a solution
initialised in M does not stay inside), however we’d like to keep the trajectory "close" enough,
which we’ll rigorously formulate below.

As b — +00, and for any scalar d, Lemma[H.2] gives
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M) 4 b

Ima' ~minb‘i’d = = = = Iminb 1+O].b
J(7 ) “Ymin Amin ('Ymin) “Ymin b+d ( ) ( ( / ))
Amgi(1) 4
= e () (14 0(1/D)), (66)
’yliin )\min(P)/min) ( )( ( / ))

so that, when (a(z), b(z)) € My ie a(2) = Ymin 0(2) + d,
A) = o 0)] (1= 1+ )1 = ) sz e

< 1+ ) = (1 0) | + OFa G D) (67

We choose d so that the bracket in (67)) vanishes, making A(z) = O (Zyin(b(2))/|b(2)|). The resulting
equation for d admits an unique real solution only when o < 1:

emd - _E 20 Amin(Fmin) Fmin (1 + pp) — (1 + u) )
1—c¢ )\maj(l) (1 + ,lLA)(l — a) s
d — ln( € 32in Amin(Fmin) Fmin (1 + pp) — (1 + /~L)>
L= Amg(1) 1+ pa)(1—a)

The complementary case o > 1 will be covered in Section[E:3]

Having fixed the synchronisation constant d, we define the scalar gap 7(z) := a(2) — Ymin b(z) — d,
which satisfies

i = (L= )1+ )1 = @) TG b+ d 1) = & (i (1 + 5) = (14 1)) Taun (1), (69)

by substituting @ = Jumin b + d + 7 into (63)). Thus the 2D ODE reduces to the scalar non-autonomous
ODE (&9) for 7 driven by the exogenous signal b(z).

(

Lemma E.5 (Asymptotic synchronisation). Under condition[I0} there exist n, > 0 and b, > 0
such that every trajectory (a, b) of (63) satisfying |a(z0) — Ymin b(20) — d| < 1, and b(zg) > by
for some zy > 0 verifies

AG) —d| = o( ! ) 5525

Inz

In particular, A(z) — d.

- J

Proof. Recall p:= A —d = a — Amin b — d. Writing

Z-maj(;g/min b+d+ 77) = #r%w e_d_n (1 =+ 5(27 "7)) Imin(b)7 (70)
—— Ymin b 1+Tmaj(~min b4-d+ )
s(z,m) = ami:b+d+n ' 1+Wrmm(b) sl
with ry(2) 1= Zy(z) / (Y4 Ag(g)e 79 % /x) — 1, and using Eq (68), Eq (69) becomes
i = 2 (min (14 ) = (1+ ) Toin(8) [ (1 + s(z2,m)) = 1]. )
Proposition gives ry(z) = vy/z + O(1/2?), so that we have the expansions
Ymin d 1
Ymin 0+ d 417 Ymin b b
14 Tmaj('?minb'*' d+ 77) — 14 Vmaj/i’min — Vmin L0 l
1+ 7min(D) b b2 )’

uniformly for |n| < 1. Therefore,
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1 . - 1 K
$(e01) = i (v = i = (000 ) + 0 (5555 )+ sl < 55 72
for some constant K; > 0 and all z with b(z) large enough and |n| < 1. Moreover
|s(z,m) — s(2,0)| < K.|n|/b(z)  for some K. > 0. (73)

From this point, the proof proceeds in three steps: (i) forward invariance of a tube {|n| < 7, b > b,},
(ii) the two-sided asymptotic for b via Proposition[H.3] and (iii) the Comparison-Lemma argument
yielding the 1/ In z rate.

(i) Forward invariance of the tube and asymptotic of b. Choose 7, € (0, %). Using |s| < K,/|b|

from (72)), pick b, > 0 large enough that 3 K: < o whereo = L‘_e,m € (0,1). Define the tube

T :={(a,b) eR2 S — Amin b — d| <y, b > by} (74)

e (l+o)—1=2c" _1=—¢g < 0.

On the boundary = 1,, b > by, e T (1+s)—1 T

<
Since Zyin(b) > 0 and e(’ymm 1+ ps)— 1+ u)
1

Symmetrically, on p = —n,, b > by, e (1+s)—
and n > 0.

> 0, (71) yields 77 < 0 on this boundary.
> et(l-0)—1=257 —1=0 > 0,

Both pushes are inward, so the tube 7 is forward invariant (i.e when a trajectory starts inside,
it remains inside) as long as b(z) stays over b,; the latter is guaranteed because b(z) — oo
monotonically (by the same argument as in Remark [E-4).

(ii) Proposition[H.3] requirements. The second line of Eq (63) can be rewritten,
Lomaj(a(2))
Tnin(b(2 ))

We show that for every sufficiently small 7, > 0, there exist constants 0 < c_(n,) < ¢4 (1%) < 00
(independent of z) with ¢(z) € [c—(nx), ¢4 (n4)] for all z large enough.

Inside 7 we have a = Yuin b+ d + 1 with n = n(z) € [—nx, 7). Lemma[H.2)combined with Eq (68)
yields

b(z) = (&) Tun(b(2),  (2) == (1 +pp) + (1—)(1+p)

Imaj(a(z)) )\maj(l) e—d—n(z)) b(z)

~

Imin(b(z)) 'S/min )\min (:Ymin) :Ymin b(Z) + d + 77(2)

E(~min (1 + NB) - (1 +/J’))
(1—e)(1+pa)(1—a)

e 1(2) (76)

=:Ro
since |1(2)| < 7. and b(z) — 4o00. Hence there exist z,(7x) > 2o and constants
Tmaj(a(z))
L) 1= Roet (1 £ 0,,(1 L R_(n) <2 < N
Ri(n ) R()@ ( 077*( ))7 s.t R (77 ) = Imm(b(Z)) = R+(77 )
ce(me) =e(l+pp) + (L—e)(I+p) Re(ny), c-(n) < c(2) < cplne) Vz2=za (77)

Both Ry (n,) — Rp as 1. — 0, so ¢4 (1) share the common limit

co=e(l+pup)+(1—e)(1+p)Ry = 5((1 +pp) + (14 p) b‘“i“(flﬁlﬁgli(i;r“))

- m ((1 —a)1+pa)1+p)+a(l+pa)(l+ps)—(1 +M)z>

ex

" Trmi-a) w
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with ¥ defined in Eq (31). The quantity ¢y is strictly positive with condition [I0} By continuity
in 7, of ¢y (n4), fix 7, > 0 small enough that c_(n,) > ¢o/2 > 0. With this fixed 7., Eq (77)
gives ¢(z) € [c—(nx),c(nx)] C (0,00) for all z > z,, which is the hypothesis required by
Proposition[H.3]

(iii) Comparison-lemma. Proposition applied to b then gives

b(z) = ~1 (lnzflnlanrO(l)), % < Imin(b(z)) < % forall z > z, (79)
“Ymin 4 z

for some constants 0 < M_ < M, and 21, > 2,.

Taylor-expanding e=" = 1 — n + p(n) with |p(n)| < n2e" /2 for |n| < n., and separating the
s-contribution, Eq rewrites as

n = —7(2’)77 + 5(2;) + R(Z777)a (80)

with
7(2) = & (Foin (14 1) = (14 12)) Tan(b(2)), 81)
B(2) =& (Fmin (1+ 15) = (1+ 1)) Zoin(b(2)) (2, 0), (82)

and a remainder R(z,7) gathering the remaining O(p(1)), O(s(z,1)—s(z,0)), O(ns(z,0)) and
O(n (s(z,m)—s(z,0))) each multiplied by € (%nn (I+us)—(1+ N)) Tmin(b). By Egs (79, (72),

and (73),

L <qz) <L, B < 45 R < %(n2+%)» (83)

for z > 2z, (possibly enlarging z,), with v4 := »S(ﬁmm (I+up)— 1+ ,u))Mi > 0, and explicit
constants B, K > 0.

Choose now 7, small enough and z. > 2y, large enough that K'n, < %= and anz - < .
Then for z > z. and |n| < 7,
2

n(=y(z)n+ R(z,m) < —v(2)n*+ %(Inl3 + %) < -L (84)
so multiplying by 1/|n| and using n 1 = £ (n?/2) = |n| D*|n| (Dini derivative Khalil (2002,
Appendix C2)), one obtains the scalar differential inequality

Yo
Dt < —-= > Ze. 85
el < - Emel + o 22 (85)

Khalil’s Comparison Lemma (Khalil, 2002, Lemma 3.4) applied to (83) yields

In(z)| < |n(z) exp(—/ %ds) —|—/ exp(—/ %dr) - ﬁs ds. (86)

The homogeneous factor evaluates to exp(— %= In(z/z.)) = (2./2)7~/2, hence the first term of (86)
is O(z77-/2), i.e. polynomial decay. Lemma the second term equals O(1/In z).

Combining, |[(z)| = O(z~7-/2) + O(1/1In z) = O(1/ In z), which proves the lemma. O

This synchronisation Lemma naturally generalises to the discrete dynamics as shown in Lemma[H.9]

Remark E.6 (On entering the tube). The Lemmas [E.3|and [H.9] both show that 7 is forward
invariant. So we just need to prove that both continuous and discrete trajectories eventually fall
inside. Noticing that for any initialisation with ag, by > 1, the sign of the drift outside the tube
pushes 7; inward, the trajectory is expected to reach the tube in finite time. This can be made
rigorous at the expense of a longer argument (quantifying the discrete drift rate against the decay
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of Zmin(bt)), but we opt for the cleaner approach of assuming it directly (special condition x in
Assumption[D.2} in the same spirit as the magnitude condition v - ¢y > 1.

E.4 Conclusion of the Proof when o < 1

Proof. We now complete the proof of Theorem [D.4|when o < 1.

By Lemma [H.9] with Assumption (special condition ), we have 17; = @y — Ymin by — d — 0.
Therefore the coefficient

Imaj (at)
Tinin(bt)
with St — 0, by exactly the same computation as (]E) (with a; = Amin by + d + 1 replacing
a(2) = Fmin b(2) + d + 1(2)). The recurrence (58)) rewrites as by1 = by + It ¢ Zinin(bt), which is
exactly the setup of Lemma[H.6| with ¢; = ¢. Part (iii) of that lemma gives

by = b(z¢) +0(1) as t — oo. (88)

By symmetry (exchanging the roles of a and b), the same argument gives a; = a(z¢) + o(1).

G=e(l+pp)+ 1 —e)(1+p) =& = co+ 0y, &7)

Minority group error. Propositionwith ¢o defined in Eq (78), Ao = Amin(77), and ¥ = Jimin gives:
Amin 0(z) =Inz —Inlnz + ln(?ys’m co )\min(’ymin)) +o(1),

80 Fmin b(2¢) = In(2¢) —Inn(z;) +In(33;, co Amin(Fmin)) +0(1) since 2z, — +o00 by Condition (21).

Using Eq (88), we have:

e~ Ymin by e Ymin b(z¢)+o(1) e—b(zt)

T )T by o)

e~ In z¢+Inln zt—ln(ﬁ/im €0 Amin (Amin) ) +0(1)

~ Jmin Inz + o(In z)

1

= — — -(1+o0(1)).
fyr%lin €0 Amin (’Ymin) 2t ( ( ))

Therefore with  Eg,.[¢"] = f;;n 0(=bt 2) Amin(2)dz, Lemma|H.1| gives
Amin (;i/min) e_:ymi" be 1
]Egmin[qt] ~ b ~ ~2 .
t Ynin €0 2t
We retrieve Eq (@6) by expanding ¢ with Eq (78) and using Eq (#4).

Majority group error. The identical argument applied to (a;) with the analogue value for ¢, Ao gives
Eq @3). O

E.5 Conclusion of the Proof when o > 1

Proof. When a > 1, the synchronisation observed in Section [E.3| does no longer happen. The
proof proceeds in three steps: (i) the drift ratio Zii (b) /Zmaj(a) — 0 is deduced, (ii) the decoupled
asymptotics for a and b are derived, and (iii) the classification errors are computed.

(i) The drift ratio vanishes. Recall that by Eq (63)),

A= (1-2)(1414) (1-0) Tons(a) + &((14+4) ~Foin (14715)) Taun D) (89)

<0

<0

Since both Zn,j(a) and Zyia (b) are strictly positive and since both factors (1—&)(14p4)(1—c) and
5((1+u)—f~ymin (14+p B)) are not zeros simultaneously, A — —oo as soon as one of fOOOImaj(a) ds
or fOOOImin(b) ds is co. From the first line of the 2D-ODE drift function (64),
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a(z) —a(0) = (1—e)(14pa) /OZImaj(a(s)) ds + e(14p) /OzImin(b(s)) ds.

Since a(z) — +o0, their sum diverges:

oo

(1_5)(1+M)/Ooozmaj(a) ds + a(1+,u)A Ton(b)ds = +o0,

and A(z) — —oo. By Lemma[H.2] for large enough a and b,

Lnin(b) _ ﬁ/min )\min('?min) geA (1 +0(1)) < ;?ijn )\min('?min) 6A

Imaj (CL) )\maj (1> b N >\maj (1)

where the last inequality uses A = @ — Ain b < 0 since A — —o0.

(1+0(1)) =3 0. (90)

(ii): Decoupled asymptotics for a and b. Denote R(z) := % From the first line of the 2D-ODE

drift function (64),

e(1+p) (1 (a o
mR(Z)) = (1—e)(1+p4) Zmaj(a) (1 + (1)()9~1)

This is a single scalar ODE of the form treated in Propositions [H.3|and[H.4] with ¢g = (1—¢)(14-4.4),
v = land A\g = Am,j(1). Hence

a(2) = (1-2) (14+14) Toi(a) (1 +

a(z)=Inz—Inlnz + ln((l—a)(l—i—uA) )\maj(l)) +0o(1) (92)
Tmaj(a(z)) = ©(1/2). (93)
On another hand, dividing the two lines of the 2D-ODE drift function (64) and using R(z) — 0:

b e(l+up) R(z) + (1—e)(1+ 14
b_ (L) RE) + 00 _ Lt oo
a  (1=e)(I+pa) +e(l+p) R(z)  1+pa
_ I4p
I+pa
Combining Eqs (1)) and (93) gives @ = ©(1/z), while combining combining Eqs (89) and (93)
gives

a+O0(aR(z)). (94)

A < (o) pa)(1-0) Tugla) <~
A(z) < =Clnz+0(1), s.t.
:Yr%lin Amin (Ymin) A(z) e}
R(z) < 2 (1+0(1)) < M/ (by Eq (90)) (95)

Amaj (1)
for some positive constants C' and M. Therefore & R(z) = O(1/2°*1) and integrating (94):

b(z) — b(z) = 11::4 (a(2) — a(z0)) + O(1),  ie.
Amin 0(2) = aa(z) + O(1) using Eq (#4)
= alnz—alnlnz+ 0O(1) by Eq (92). (96)

(iii) Classification errors. We conclude as in Section[E-4] From Eq (92) and Lemma [H.1]:
Amg (1) e7%  Appgj(1) e79(=0) 1
Egmj[lfp‘f,] - aj( )6 - aj( )6 N .
a a(z) (1—e)(14pa) z
Likewise, Eq (96) and Lemma[H.T] give:

)\min(:)/min) 6*’%1;“ b )\min(ﬁ/min) eifymi“ b(ze) (ln Zt)ail
Ec [1—pt] ~ ~ =0(——|.
G 11 b b(zr) %

27



750

751
752
753

754

755

756

757

758
759
760

761

762
763

764

766
767

769
770

771

772
773

774

775

776

F Generalizing to the proof of Theorem [5.3|

The proof of Theorem [D.4]rests on Assumptions [D.THD.3] This section discusses these assumptions:
their necessity, what the proof can still say when they are relaxed, and which generalisations remain
open.

F.1 Relaxing Assumptions[D.I)and
Assumptions[D.T|and [D.2]can be weakened by assuming simply that:

Assumption F.1 (Non-degeneracy of r ;| at the margin boundary). For every unit direction 6 € R
A AT
with v 8 = 0, the conditional distribution of ( :== & r, given Z = 1 and any group g satisfies
Pr¢(<0]|Z=1,¢g) >0 (97)

A AT
This non-degeneracy assumption simply requires that for every direction § such that § v = 0,
r. | Z=1 never puts all its mass on one single side of the hyperplane (&)~. In geometric terms, the
origin lies in the interior of the convex hull of the support of r; | Z=1 in the subspace (v)*.

In this case, the parameters v, and ¢; acquire a perpendicular component:
e=av+ol,  de=biv+d), 87,67 € (Span{v})". (98)

Furthermore |87 || and |87 remain O(1), and when Amaj = 1, min > 1 (With analogous result in
the mirror case), the asymptotic rates are slightly changed:

) Ifa<l,
- 7min(1+§tjn)£ (I4p) Arlnaj’ (99)
Kmin = (1+MA):Y£:;“(1+M) . A:qm’ (100)
Ifa>1,
Bl = 4] 5 T A e (ob
Eg,.[1 —p,] = ®<W>7 (102)
t

with A, and Apin only depending on the group-wise distributions of | | Z = 4,. More precisely,
when Law (r | | Z = Amaj, Omaj) = Law(r | Z = Fmin, Gmin)> We get that Ay = Amin Which falls
back to Eqs (@5)-({6).

However, this would require considerable more complex mathematical development, therefore we
leave this generalisation opened.

F.2 Relaxing Assumption [D.3| (feature noise)

We simplify the notations in this section this way: af, Ay, ¢, 1y, g represent in this order ay, A, v,
1A, Gmin When g = maj and b, B, ¢y, 1B, Gmaj When g = min.

1/Jt'l‘+w§'f Ongmaj
t

When £ # 0, the logit by Eqs (@9) becomes w' - x = { , where we combined

¢r-r+wg- & onGmin
Eq @2)) and Proposition [5.4]to define
V¢ = )9 (log z — loglog z;) + O(1), b9 = W, + A;—WS. (103)
Define the effective sigmoids:
oesi(u, 2) 1= Bgz—:[o(u —wg - €)], (104)
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and the noise symmetrical moment-generating functions:
Ae(ws, 2) == Egyz—.[e7¢]. (105)

We have the upper bound A¢(w!, z) < ellwill B —; M where M; = ||wt||R.

(i) Relaxed assumption: Noise bound. Assumption[D.3|can be greatly weakened by assuming simply
that R (see Eq (28)) is sufficiently small in the sense of:

Assumption F.2 (Noise bound). The noise bound satisfies for all g € {maj, min}
(9 v) 7 > [[Wsl| R (106)

To understand the utility of this relaxed assumption, let’s first show the following result.

Lemma F.3. For any u, z withu > My, z > 1:
oo (—u, 2) = e~ Ae(w, 2) (1+ pe(u, 2)), (107)

with
|pr(u, )| < em (M), (108)

Proof. For u > M, w — wt - & > u— M; > 0 almost surely. Using the identity o(—v) =
e V/(1+e"):

1

—(utwyd)  _ ~
14 e~ (utwicd)

o(-u—wl-&=e e e h(u, €), (109)

where h(u, &) := 1/(1 4 e~ @+wi9) Since u + wk - £ > 0, h € (1/2,1) a.s. More precisely:
1—e Wi < p(u&) <1 as. (110)

Taking expectations in (I09) under Z = z:
o (—u,2) = e " Ez=. [e_wf"f h(u,§)] s.t.
olg(—u,z) < e " Ag(wl,2) since h < 1,

nlcuz) 2 e (Aglut2) — e Bp [ ) sincehx 1 e

= e Ag(uwh, ) (1 —e " Ae(2ul, 2)/Ae(w], 2) ), (111)
= e (w,2)
with Ae(2ut,2)
—u MRy, 2 —(u—DMy)
< — T L . 112
|pt(uaz)| > € Ag(wg,z) > € ( )
The last inequality is due to the pointwise inequality e2%=¢ < e=wi€eMr g, O

By Proposition|[[.5]and Eq (I03), for all group g
al v @ZQ -v (log z; — loglog z;) + O(1)

- W — (7 v)/||W (113)
[wt]|  Jlwt| [|W|| (log 2; — loglog z¢) + O(1) ( )|l
[will/llw | — 1w/ W]
Therefore:
~m' ~m' ) b Nmin ~min A'
iy, i 008) L din (60-¥) (114)

= — =
[wil| R W R [wi] R Wl R
the last inequalities come from Eq (T06), thereby emphasizing their utility.
Consequently, for all ¢ large enough and all group g:
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_ ai q
aj g — My = (uit,ﬁi? — 1) M, > co My > ¢} log 2, (115)

for constants cg, ¢y > 0. Combining LemmaF.3]and Eq (TT3) yields:

olg(—alZ,Z) = e~ %7 Ag(w!, Z) (1 + 0(2;06)) G, — almost surely, (116)
and the O(...) is uniform in Z | G,.

(ii) A¢ growth. For z > 1, define the noise exponent function:

04(2) := sup —w, - &, (117)
gesupp(€|Z=2)

and the boundary noise exponents for each group:
0 == 0+(Fy), g € {maj, min}. (118)

The function ¢ (z) is non-decreasing in z: as Z grows (farther from the margin boundary), the margin

condition 1[) r+ Ws & > Ymaj becomes less restrictive, allowing a wider range of ¢ realisations, and
hence a larger —W, - £ supremum. In particular, 6, = d4(7,) is the smallest value of § over the
support of Z | G,. We also have the upper bound 6, < ||W,|| R since | — W, - | < ||[W||R a.s.

This gives us this following result.

Lemma F.4 (A¢ growth rate). For each z > 1 with supp(§ | Z = z) # 0,

Ae(wl,z) = 2 (@) ast — oo, (119)

with o(1) uniform in z.

Proof. Write w! = wlog 2; — W, loglog z; + O(1) (Proposition , so:
wt - € = (W - &) log 2, + O(loglog z;) a.s. uniformly in &
Then on one hand,
Ag(wy, z) < eXp(;5 N )—wﬁ-ﬁ) = exp (04 (2) log z+O0(loglog z;)) = 2,*7-O((log 2¢))
€supp =z

51 (2)+o(1)

giving the upper bound A¢(wt, ) < 2 , with o(1) uniform in z.

On the other hand, fix > 0. The set S, (z) := {£ € supp({ | Z = 2) : =W, - & > §+( ) 7} has
positive (£ | Z = z)-probability by definition of 0 (2). Let p,(2) := P(§ € Sy(2) | Z = z) > 0.
Then:

Ag(wl,2) = py(2) - exp (84(2) =) log 2z + Olloglog 20)) = 2™ - py(2) 7, O(log ) =)
where the O(...) is uniform in 7. Sending 7 — 0 gives the lower bound A¢(w!, z) > 20+ )T
with o(1) uniform in z. O

(iii) ODE @ reformulation.

Lemma E.5. For all group g € {min, maj}, the group-g drift function becomes

o oy g Xg(Fg) €770
I (af , wh) == Eg,[Z olg(— agz,Z)]:Ag(wg,zg).%(uoa/ag)),

t
(120)

for some t-dependent z}; € (74, K).

Similarly, the classification error integral becomes:
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o Ag(Fg) e o0t
T (af ,wh) :=Eg,[olg(—al Z, Z)] = Ae(wh, z}) - % (1+0(@/af)). (121
t

Proof. By Eq (116):

K
L) = [ zola(-atz) 0 (2)ds
o

g

K ’
(T [ zAf(wﬁ, 2) e iz Ag(2) dz (1 + O(zt_co))
5

~—

g

K U
= Ag(wl z*)/ ze” %2 N\ (2)dz (14 0(2 ) (122)
;;{

CRlad’]

—
~

g

where the factorisation (1) used the fact that O(z, c6) is uniform in Z | g, and equality (2) used the
mean value theorem for integrals with 2} € (3¢, K. Using Lemma and more precisely Eq (I78)

on the integral gives the stated result, since z, ° = o(1/a]) for ¢ > 0 (because a] = O(log 2¢)). [

Two direct consequences of Lemma [F.3]are
It =T /3 - (140(1/af)), (123)

and that

eff t o x ~ ~
Im:fj (at) _ AE('LU:7 ZTaj) ) ?/maj )\maj('z/maj) ) ﬁ e_:Ymi|jat+’_Yn1inbt (1 n O(l/bt)) (124)
Ir?qin (bt) AE (wsv Zmin) “Ymin )\min('}/min) ag

By Lemma[F.4] the A ratio in Eq (T24) satisfies:

Ae(wt, z%,)

$9 “min

t *
Aelws, 2hg) 7y Cra) T4 Gl olt) (125)

Since the Laplace weight e~%* concentrates all mass on the boundary z = 7, z; — Jg as t — oo.
Therefore, with 0. being continuous and bounded, Eq (I23)) can be rewritten as:

Ag(wt, z* . s 4o
M = pomatmnto(l) (126)
A&(wsvzmin)

Regarding the scalar update for af, Eqs (53)-(34) acquire a noise dependent term, so that Eqs (37)-(38)
become:

afyr = af = (g (1412g) T3 (af) + 25 (140) T (a]) )

+ e (AgY) - (24Byla') + 2gEsla’€)). (127)

so that the gap function A (see Eq (63)) becomes A; := (a; — Ymin bt) — (Omaj — Omin) log ze — d;
with the new synchronisation term d; defined by the following:
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Avpr = A = hu (1= )1+ a) (1 = ) Zelh () = & (1+ 1) = (14 12) Zemh (b))
+ Ry (AV - ;}d’minBV) E[qtg] + (6maj - 5min) log(thrl/Zt) + (dt+1 - dt)

= 56/min (1 + /LB) - (1 + ,U,)) Islflfl(bt) (

(L=)(1+pa)(1—0) Tofla)
g(ﬁmin (1 + /~LB) - (1 + N’)) Ir?]fl;(bt)

+ O(hE[q"€]) + ©(he/z) + (degr — dy)
off (1—2)(1+pa)(1 — o)
Imln(bt) (56’min (1 + /J,B) — (1 + M))

Ang() by .
min Amin (’S’min) Yenin b, + ((smaj - 5min) IOg 2+ die + Ay

= 56min (I+up)—(1 —|—,u))

e_at“!‘;}"minbt“l‘(6maj_6min+0(1)) log z¢ (1 + O(l/bt)) _ 1)
—e—At—d¢+o(log z¢)

+ O(heElq'€)) + O(he/z0) + (desr — do), (128)

so that in order to get A; — 0, we necessarily need

e_dt+0(10g 2¢) N s(ﬁmin (1 + :LLB) - (1 + :LL)) . '?min )\min(:ymin) . :Ymin bt + <5maj - 5min) IOg 2zt + dt

(I-e)A+pa)l—a) Amaj (1) b
~ 56/min (1 + :LLB) - (1 + :u)) . '?min /\min(:)’min) . :Ymin QAS SV -+ 5maj - 5min (129)
(I-e)A+pa)l—a) Amaj (1) ¢-v ’

the analogous of the free-noise case condition (68)), and where we used the b; expression from
Eq (T13).

We now show that the ©(1/z;) error rate from Section is preserved under feature noise, for both
groups.

(iii) Preservation of the rates decay (case o < 1).

When « < 1, the synchronisation argument (Lemma [E-5]extended to the nois%{ setting) carries over
with the same Lyapunov structure, ensuring A; — 0, and therefore Ir‘fgj (ar) /IS5 (be) = Ro (14+0(1))
with the same Ry as in the noise free case Eq (76). Therefore, the b-recurrence (127) reads

bipr — by = hy & IS (by) + he O(Ce Elg'])
~min >\min ~min ~min be
= heé Ae(wt, zy,) L Omin) € (1+O0(1/b,)) + hy O(Ce Elg'])

s’ “min

1 by

X ° ~ i )\ i ~ i _:/mm bt
5 heée Zgmato(1) Jmin “’“(Wg’“) © (14 0(1/b;)) + hi O(Ce Elg"]),  (130)
t
where C¢ := || Bv|| R, we used Lemma [F.3|for line (1), Lemma[F-4Jand 275, — Jmin for line (2), and
where ¢; = ¢ + o(1) is exactly the same as in the noise-free setup Eq (87).

Under synchronisation, Z&% = Ro Zo (1+0(1)), and combined with Eq (123), we have E[¢] =

(1 — &) T (ag,wt) + & T (by, wt) < O T (by, w!) for some C’ > 0 and all ¢ large enough.
Therefore ( iz()) can be rewritten as

4 o(1) Amin Amin (Fmi —Ymin bt
brss — by = hy (¢ + O(Ce)) zimnte(t) Jmin “““(7;‘““) c (1+0(1/by)), (131)
t
with the term O(CY¢) dependent on the noise and on ¢ and bounded uniformly in §. This is the exact
prerequisite of Proposition [H.3] which yields
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Amin 0(2) = (I4+0min+o(1))Inz —Inlnz + O(1), (132)

mm (’?min co + O(Cg)) (1+5min) z

with the bounded terms O(...) independent on ¢y.

Combining with Lemma and Lemma Tnin/ Tmin = Fmin (14+O0(1/b;)), we have:

»Ominto(1) jmm(b(z)) = ; ZOmnto(1) Imin(b(z)) (1+O(1/b))

“Ymin
1 O(1)
= — . (134)
(Fmin €0 + ACe)) (14+0min) 2
Now, from Eq (T21):
Tith(0e) = Ae (0 z0) - Fuin(be) (L+0(1)) = 2 - Foin(br) (10(1),
and combining with Eq (134):
Proposition F.6 (Rate decay preserved, o < 1). When o < 1
O(1) 1
Eg,.[1—p'] = Je(b) = - . = 135
sl =B = ) = e ) x MY

the exact same rate as Eq (@0)) in the free-noise case (Theorem , with some O(1) and e
extra-terms who depend on the noise. Especially this confirms the s-dependency on the rates
prefactors.

The same results are also true for G4 with the same analysis.

(iv) Preservation of the rates decay (case o > 1).

From Eq (127), the raw gap G := a; — Jmin bt evolves as

Grr1 = Gr = he| (1=2) (1) (1—0) Tifh(ar) — &(min(L4n5) = (14+4)) Tofh (b0
+ hy (AV = Amin BY) - E[g%€]. (136)

Since |E,[¢"¢]| < RIT;M(af) < £ Ieg(at) (1+O(1/af)) for t large (by Eq (123)), E[¢"] =
(1—e) T (ar)+e Tem (br) < C’(I;ffj(at)—i—lgﬁl(bt)) for some structural constant C’ > 0. The noise
contribution to (T36) is therefore bounded by C¢ (Z + 7¢I ), where C¢ := R|Av — i Bv| C”.

‘maj 'min

Both coefficients of ZZf, and Z¢f in Eq (T36) are non-positive (because c, jmin > 1), therefore the
same argument as in Sectlon shows Gy — —o0, since the noise contribution is dominated by the

non-positive terms for reasonably small R or Ck.

Furthermore, on one hand, from the continuous version of Eq (I36)), we have

G < [(1—e)1+pa)(1—a) + Ce] Ik (a), (137)
and on another hand, from Eq (I27), we also have
a > [(1—e)(1+pa) — C¢| Iini(a). (138)

Dividing (T37) by (138):

G _ (1—9)(+pa)l-a)+C¢ _
i = (1-e)(I+pa) =Ce Presh Y

where

1-¢)(1 —2
(1—e)(I4pa) o — 2C¢ = a+0(C) — « uniformly in z. (140)

YT T (1t pa) — Ce R0
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Integrating:
G(z) < (1—ag)a(z)+0(1). (141)

Finally, since (I38) is a scalar inequality of the form @ > c_ z0mitol 1)211 j(a) with c_ :=

(1=e)(1+pa) — C¢ > 0 (using I = 2%t T, from LemmaEand Prop051t10n-
gives the lower bound:

a(z) > (14+0myj+o(1)) Inz —Inlnz + O(1). (142)
Defining the effective drift ratio
off Ton()
R (2) :== I (143)
Imaj(a)
Eq (T126) and Lemma [F3] give
Y S ~min )\min(:}/min) a
Reﬁ 2) = Zémm §mmj+o(1) 77 — 6G 1+O 1 . (144)
) SgD) b ¢ )

Since G < 0 for z large (G — —00), a/b = O(1). Substituting in Eq (T44) along with Eq (T4T)) and
Eq ([

Reﬂ(z) S Zéminfémaj“l’o(l) . 0(1) . 6(170({)&(2)4’0(1)
S Zéminf(smﬂj“r(l*aﬁ)(1+5maj)+o(1) . O((lnz)*(lfag))

2 1 Omin et (14+0mg) +0(1) O((ln Z)f(lfao). (145)

When the noise satisfies og > iig:‘a‘]‘ > 1, the bound forces R°T — 0 and the dynamics decouple. In
this case, the a-equation (Eq (127)) reads

i+o )\ma‘ 1)e
e — an = e [(1-2) (1) + O] 270 2D (4 o)) 140
¢
where the O(1) absorbs (1+4u) R + O(E[¢!] /I;f;fj) This is the exact prerequisite of Proposi-
tion[H:5] which yields
a(z) = (140mgj+o(1)) Inz —Inln z + O(1), (147)
1 O

(1—e) (1) + O(0) (110myg) =

ngaj+0(1)z:maj(a(z)) — = 0(1/z). (148)

leading to
o(1)

t] e _ 1
Ban[1 721 = Tifen) = (=) (Tpa) + O)) (1 0mg) 2

(149)

Regarding the b-dynamic, the ratio b/ (Eq (127)), with R®T — 0 and E[¢'] < C" T (a;) (14+0(1)):

'maj

b (1—=e)(14p) + O(R*™) + O(E[q"]/Zo)
a  (1—e)(14+pa) + O(RT) + O(E[q'] /Te)
(1—&)(14pu) + O(C¢) off
= =5 (e + 0(cg) T OED)
- VO‘ +0(Ce) + O(RF), (150)

where the O(C¢) terms absorb the noise contribution O(E|[q'] /I;ffj) O(R |AgV|/Amaj) = O(Ck)
and converge to 0 as R — 0 uniformly in ¢.

From (143) with o > 115‘:3‘ R = O(27P) for some p > 0, so @ R*f = O(27P~1). Therefore,
integrating Eq (T30):
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Fmin b(z) = (a+ O(Ce))a(z) + O(1) = aga(z) +O0(1),
879 with ¢ defined in Eq (T40). Substituting (147):
Fmin b(2) = e (14+0maj+0(1)) Inz — ae InInz + O(1),
o~ Tmin bt _ Z;ag(1+6ma.j)+o(1) - (Inz)%€ - O
ss0  Mixing everything with Eq (T121):

e Smin-+o(1) Amin(Ymin) e Tmin be
Eguu[1-p}] = Tainbe) = 2™ o

mein*ag(lthsmz-j)JrO(l) (ln Zt)a£71 . @(1)

—ys) (h’l Zt)agil
= g (140maj) —Omin+o(1) |°
2

(151)

(152)

(153)

(154)

(155)

Proposition F.7 (Rate decay, ag > 1), When ag > Ltounboll) > 1 yith o defined in

1+6maj 1+6ma/'

Eq (140), we obtain the rates Eq (149) and Eq (133). They present the same rates as in the
noise-free case (Theorem[D.4)-part(ii), with the O(1) and o(1) extra-terms depending on the

noise &. Especially when R = (0, we recover the exact noise-free rates.
881
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G Proof of Corollary [7.1]

We first recall the general accuracy ceiling under correlation shift Corollary [7.1]

( 7

Corollary G.1 (Accuracy ceiling under correlation shift). Assume the infimum in (17) is achieved
at the boundary 7 = Aoy
Ve = Wt = G With iy = essinf {37}, (156)
r| 4 ="test
We have the following cases:
(i) If Yies:(C') > 0 (test group still separated by w), then

(lOg zt)’sz"!‘ézesz"l‘S/m—l )
;

b —
EDmrl:]‘ - py (x7 w )] - ®< Z;’test“l’o(l) (157)

where the o(1) is uniformly noise dependent. The test group error still vanishes, but at a rate
governed by e (C).
(ii) If Vet (C) < 0 (test group not separated by w):

Jim Ep, [1—p,(x,w")] = Pp, (X -r+d,-€<0) > 0. (158)

Part (ii) reveals a non-vanishing error floor caused by the correlation shift.

Proof. The test logit at time ¢ is: x; - r + w! - & with x; := w’ + C Tw! and by Proposition
xt = (log z; — loglog z;) ¥ + O(1), w! = (log z; — loglog z;) W + O(1). (159)

The test error is:

Ep,.[1 =Pl = Elo( = (- 1+l )] = Eg[Er, iz~ xi v — - €)]]

K
_ / Er, eizalo(—xo T — w0 - €)] Aen(2) dz (160)
:

test

Proof of (i). Assume yese > 0.

By Eq (I7), X - r + Wy - € > et > 0 a.s., so with Eq (T39):

Xe-r+wt-& = (x-r+w,-&)(log 2z —loglog 2;) +O(1) > ey (log 2z —loglog ;) +O(1) > 0
(161)
a.s. for ¢ large. Using the identity o(—v) = e~?/(1 4 e~ ) for v > 0, we write pointwise:

1

s X mwhE
1 _|_e_(Xt'r+'w§'f) =e € ht(r7 E)a (162)

o(= (Tt €)) = e~ Crrtuie)

where hy (r, &) == 1/(1 4+ e~ Certwi0) e (1/2, 1) since y; - ¥+ w! - € > 0. Therefore
o(—(xe-r+wl-g) = Oe " e‘“’i’f) a.s. for ¢ large, uniformly in r, €. (163)
By Eq (163), the integrand in Eq (T60) satisfies
ErJ_,£|Z:z[J(_Xt r— wi : f)] /\tes[(Z) = Alest(z) ]ErJ_75|Z:z [@ (e_Xt'r e_ws'é)}
= Ae(wl, 2) Aest(2) B | 7= [© (7% (see Eq (T03))

=e P XV Ag(w!, 2) Aest(2) O (Er, |z [eX*™+]) (all ©(...) are uniform in r, 2)

=0(e "XV Ae(wh, 2) A, (X', 2) Aest(2)) (with Eq (139)), (164)
where
Ar, (wr,2) =By z—.[e” "] (165)
Therefore, Eq (T60) rewrites thanks to the mean-value theorem:
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908
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910

911

912
913

K
Ep,,[1—p))] =@(1)~[ e XY Ag(wg, 2) A, (X' 2) Mest(2) d2
il

test

K

= O(1) Ag(wy, ziee) Ary (X' i) - / e XY Aest(2) dz, (166)
Veest
for some ¢- dependent 27, € [Yiest, K|. By Lemma
S (zr 1 * 5 g 1
Ag(wh, zhy) = 27 ETW Ay any) = 20T ERITW), (167)

where 5+ is defined exactly as d; in Eq (IT7) and has the same properties (due to separability
Vtest > 0)
04(z) = sup —X Ty (168)
r1Esupp(rL|Z=2)
Since the Laplace weight e =2 X¢"V = ¢—# (log ze—loglog 2) X-v+O(1) concentrates at z = Jieq, the mean
value theorem points satisfy 25, — Fiest> hence 04 (25) — Oest and 5+ (zry) — 5+ (Ftest) = Srest-

For the remaining integral, a similar Watson Lemma argument as in Lemma[H.T| gives:

K ~ 5 .
>\ § § Vest XtV
/ e E XY )\lest(z) dz ~ lest(’Ytest) €
3

test XtV
Atest(&test) Zt_:YmsOA(‘V (log Zt):m”lf(.v 60(1)
X -V log z;
— @(Z;mozw (log Zt):ne,lf(-vfl) (169)
But the Assumption (T36)) reads,
%(eQ = €88 lIlf {)A( . I‘} = Yyest )A( “V+ ess 1Qf {)A( : rJ_} = Veest )A( ‘v — Slesta
| Z=Hext r1 | Z=%est

Vtest = 71(67;2 — Otest = Yeest X * V — Stest — Oiest- (170)

Iherefore C()mblnlng all faCtorS.
] st estto(1 Yees XV est X V—
@ ) Zét t 5! t ( ) z test X, ( ng )'YtsX 1

(
(1) . Zt—’%es&o(l) ) (log Zt):/‘“‘f('v_l

1 'Ylesl+6lest+glesl_1
(( 0g 1) . a7

t
ED[N [1 - py]

|
@

|
@

sito(1
Z;’lssl ( )

Proof of (ii). Assume Vst < 0.
Writing the test-time logit x; - r +w! - & = (X -1+ W - £)(log 2; — loglog z¢) + O(1), we have:
-§)) — 0.

OH{X'r+Ws'§>O}IXt'r+w§o§%+oo,hencea(—( t
On{yx -r+w,-£<0}h Xt-r+w§-§—>—oo,hencea(—(Xt-l’—Fwﬁ-{))—>1.

Xt -+ T+ Wl

Since Yiest = essinf X - r + W, - £ < 0, the set {x - r + W, - £ < 0} has positive probability. By
dominated convergence:

lim Elo(— (x¢-r+wl-€)] =P -r+Ww,;-£<0)>0. (172)

t—o0

O

G.1 Application to the Proof of Theorem [5.1]

A natural application of the analysis presented above is the proof of Theorem 5.1}

The isotropic regime in Theorem [5.3] was mathematically load-bearing because it pushed the pa-
rameter updates to remain confined to Span{v} (Proposition [E.2), facilitating the reduction of the
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914
915
916

=

9

=

7

918

problem into a 2D-ODE (63). When this condition fails, the gradient continuously injects a perpen-
dicular component into 1), ¢, physically rotating the parameters out of Span{v}. This removes the

possibility to reduce the problem to its projection on Span{v} utilized in Proposition

Recall the theorem describing learning dynamics in this general regime:

Theorem G.2 (General Decay Rates). Assume the infimums in (23)) are achieved at the bound-
aries Z = Yyqj, and Z = Ypin, then

10 z 'Yn1aj+6maj+gmaj_1
Eg,,[1 — py(x,w")] = 9(< : t)m,-ﬂm : (173)
2
log z ’Ym[n+5m[n+8min_1
Eg,,[1—py(x,w')] =© <( t)vm;n+o(1) ’ (174)
#

where 7y, are the group-specific hard-margin defined in Eq (23) and the o(1) are uniformly
noise-dependent.

~

919 Proof. The proof follows directly from part (i) of Corollary@with Diest = Gmaj and Diest = Grmin

920

921

respectively, and with the r | -boundary exponents for each group:

oy = 0+(3y), g € {maj, min}. (175)
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923

924

925

926

927

928

930

931

932

933

934

H Toolbox

H.1 Asymptotic Behavior of 7 and Z

Lemma H.1. Let A be a continuous probability density function on [, K| with \(¥) > 0, and
let J(x) := f~K A=) 4z, Then,

¥ 14ex=
& =47 a3 y N\ p—Y T
j(:ﬂ) ~ m and j/(IL') ~ fm as T — +oo. (176)
X X

Proof. We proceed in two steps. For x > 0,
K —zz
e

— Az) ———d
‘ / O ‘

/ _ K

—dz < efﬂ“”/ e " A(z)dz
y 1 + € gl

0</ e Az )d) as x — 400,

"?

Hence J (z) ~ f;yK e~ "*\(z) dz. By Watson’s Lemma [Wong| (2001, Chapter I):

‘ J(z) — /7 " () de

| /\

x s
A e
/e‘“)\(z)dZN% as T — +00.

il

Combining everything yields 7 (z) ~ A(7) e~ 7% /.

We use the same arguments for J'(z) = WK )(Zl)ijli)ﬁ’ dz ~ — faK 2 A(2)e~*#dz, which yields
J'(@) ~ =4 AF) e 7 /. O
Lemma H.2. Assume \ € C*([ry, K]) with A(v) > 0. Define Z(z) := f,YK fj_‘gz dz, then
A e 1
I(z) = yMy)e ™ {1 + 24 0(2)] as © — +o0, 177)
x T T

where v :=1/~v 4+ N (7)/ (7).
In particular, writing r(z) := Z(z) /(y Mv) e 77" /z) — 1, one has |r(z)| = O(1/x).

(. J

Proof. We reuse the same approach as in Lemma[H.T}

K e~ T?
/ 2 A(2) dz
- 14 e%?

K
< e’27$/ 2A(z)dz = O(e™7")  asx — +oo0.
1

I(z) L N ADe ds

Hence as x — +o00,

e

I(z) = LKZA(z)exZ dz +O0(e”7) = LKZA( Je ¥ dz +O( EE ) (178)

Now, substitute z = v + t/x in fWK o(2)e™%* dz with ¢(2) := 2z A(z), giving
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K e—ve pr(K—=7)
[ oema= [ e+
i

T Jo

935 Taylor-expanding ¢(y + s) = ¢(7) + ¢'(7) s + €(s) s? with € bounded on [0, K — 7] by |€]|co-
936 Integrating term by term then yields

(K —7)
/0 e p(7) dt = ¢(v) + O (e *K) :¢(7)+0<%>
z(K—7) / ,
[ e g = L0 o) - 40 o( L)
0 X x

xr $2
z(K—7) t t2 1

/ e_te( ) —dt| < (e_””(K_"’)) = O(—Q)
0 x/x x

/¢ = (o S eo(5))

llell o

937 Finally,

o3s  with ¢(vy) = =AY) +7 N (y ) We then get
A e (A FaN() e e "
I(a) = 25—+ p +0(=):
93 which rearranges into (T77). O

0 H.2 Asymptotic Behavior of the Solution of 1D ODEs

( R

Proposition H.3 (Non-autonomous ODE). Let Z € C'(R*, RY.) satisfy Z(x) ~ yAoe " /x as
x — +o00 for some Ao > 0 and vy > 0. Let ¢ : [z9,00) — R be continuous and assume there
exist 0 < c— < ¢q < 00 such that c— < ¢(z) < cy forall z > zy. Then any solution of the

Cauchy problem
v(z) = c(2) I(v(z)), v(z0) € RT,
with v(zg) sufficiently large, satisfies v(z) — +00 monotonically and

v(z) = %<lnzflnlnz+0(1)) as z — +o0. (179)

Consequently Z(v(z)) = ©(1/z): there exist constants 0 < M_ < M, < oo and z1 > zy such
that

M
— < I(v(z)) < 7+ forall z > 2.

941

942 Proof. Since Z(v) > 0 and ¢(z) > 0, v(z) > 0, hence v(-) is strictly increasing and v(z) — 400
943 (monotonicity rules out any finite limit because Z(I) > 0 at any finite [ > 0).

944 Let F(z) be a primitive of 1/Z on R*. Separating variables,

F(v(z)) = F(v(z0)) = / c(s)ds. (180)
Z0
a45  Given that, 1/Z(z) ~ Cx €™ as x — 400 with C = 1/(yA¢), and since  ?* is non-integrable on
946 (0, 00) the theorem of integration of asymptotic equivalents (Jourdain, 2018, Theorem 4.11) yields
F(z) ~ Cze’™ /[y as x — +00. (181)
947 Meanwhile, the hypothesis c_ < ¢ < ¢, gives that the right-hand side of (T80) is a ©(z). Combining

948 with @,
Co(z) e (1/y+0(1)) =0(2), ie.  ~yu(z)e?"®) =0(2).

40



949
950
951

952

953

954

955

956

957

958
959

960

961
962

963

This means yve? € [az, fz] (for some 0 < o < f and z large). We apply the principal real
branch of the Lambert W function (Visser, 2018, Eq. A2): yv(z) € [W(az), W(Bz)] with W (y) =
Iny —Inlny + O(1) as y — +oo. Hence

v(z) = %(lnz—lnlnz—kO(l)),

which proves (T79).
Plugging into Z(x) = vy Ao e 7@z~ (1 + o(1)) gives
L)
Z(v(2)) = o) (1+0(1))

,.YZ )\0 e~ In z+Inln 24+0(1)

- Inz(1+o0(1)) (1+0(1))

@eom (1+0(1)) = ©(1/2),

which gives the stated M bounds. O

( )

Proposition H.4 (Perturbed autonomous ODE). Let cq > 0, let T be a continuous function
satisfying I(x) ~ vy oe 7" /x as x — 400 for some A\g > 0, v > 0, and let §: [0,00) — R
be a continuous function with §(z) — 0 as z — oc.

The solution v of the perturbed Cauchy problem

v'(2) = co I(v(2)) (1+0(2)), v(0) = vy, (182)
satisfies the asymptotic expansion:

yo(z) =Inz —Inlnz + In(v3 ¢y Ag) + 0(1) as z — +oo. (183)

. J

Proof. We proceed step by step.
Dividing both sides of (I82) by ¢y Z(v) and integrating from 0 to z:

F(v(2)) — F(v) = 2 + /Z d(s) ds, (184)
0_' (2)

where F is any primitive of 1/(co Z ) Since 0(z) — 0 as z — oo, the Cesaro mean converges to the
same limit:

/ 5(s)ds === 0,
i.e. D(z) = o(z), and Eq (I84) becomes
F(v(z)) =z (14 0(1)) + F(vp). (185)

By the hypothesis Z(z) ~ vAg e~ 7" /2 and the integration-of-equivalents theorem (Jourdain, 2018,
Theorem 4.11) (the integrand x ¢7* is not integrable on [0, +00), so the theorem applies):

T du x C 1
= —_— yu = — YT — =
F(z) / 0T C/ ue’ du 2 e (yx —1), C: W (186)

Since v(z) — 400 (by the same argument as in Proposition[H.3)), combining Eq (I83)) with Eq (T86):

%wew (14 0(1)) = 2 (1 + o(1))

- (14 0(1)) =73 co Ao 2 (1 +o(1)). (187)

Y
vel’ = —
7 c
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964 Using the principal real branch of the Lambert W function (Visser, 2018} Eq. A2):
vo(z) = W(v* co Ao 2 (1 + o(1)))
=1In(v* co Ao 2) — InIn(v® ¢ Ao 2) + o(1)
=Inz—Inlnz +In(y® co Ag) + o(1).
965 O

Proposition H.5 (Non-autonomous ODE with polynomial factor). Let T € C(R™, R%) satisfy
Z(x) ~ Yo e " /x as x — +oo for some N\g > 0 and y > 0. Let 6 > 0, let €(z) = o(1), and
let ¢ : [z0,00) = R be continuous with ¢(z) = ¢y + O(1), where 0 < c_ < ¢(z) < ¢4 forall
z > 29. Then the solution of

9(z) = c(z) 22+ I(v(z)), v(20) € RT,

with v(zg) large enough, satisfies
v(z) = l((1—|—(5—f—e(z)) Inz—Inlnz+1In (v*Xg co—i—O(l))—l—O(l)) as z — +oo, (188)
Y

where both O(1) are independent on co, (1) is proportional to the input O(1) = ¢(z) — co, and
1 O
(veo +O1)) (146) oz

with both O(1) independent on ¢y, and ((1) is proportional to the input O(1) = ¢(z) — co.
966 . y

2@ I(v(2)) = = 0(1/2), (189)

o7 Proof. Let G(2) := [} c(s) s*t<(*) ds. Separating variables: F(v(z)) — F(v(z20)) = G(z) with F/
968 as in Proposition [H.3]

969 Sincec_ < c < eyt

4 z
c,/ Ot s < G(z) < c+/ $91e() gg.

20 20

970 By Karamata’s theorem (Feller et al.,|1971, Chapter VIII, Section 9, Theorem 1) (applicable since
971 0 > 0 > —1 and with € decreasing fast enough):

z Zl+6+e(z)
/ el ds ~ a5z — 400, (190)
w0 1+6

o7z Therefore G(z) = z197<(*) (¢ + O(1)). From F(v) ~ ve?/(¥?\o) (see Proposition and
o3 F(v(2)) ~ G(2):
v(z) e = 42X\ G(2) (140(1)) = 21Ho+e) (v*X0 co + O(1)).
974 Applying the Lambert W function:
Yo(z) = W(E (183 ¢ + O1)) )

= 1n(zl+6+e(z) (v*Xo co + O(l))) - lnln(z1+‘5+€(z) (v*Xo co + O(l))) +0(1)

= (140+€(z)) Inz +1In (¥*Xg co + A1) — ln<(1+§+e(z)) Inz+ 0(1)) +0(1)

= (140+€(z)) Inz —Inlnz + In (y* Ao co + O(1)) + O(1),
o75  giving Eq (T88).
o976 Plug (I88) into Z(z) = yAge " 271 (1+0(1)):
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—(1+0+€e(z))Inz+Inlnz —In (73)\0 00+O(1)) +0(1)

v(z)

'y)\o 27(1+5+6(z)) lnz . 60(1)

YA€

25+€(Z)Z(v(z)) = 0te(@) | (140(1))

_ orela) )
(v3X0 co + O(1)) H2EE 1 2 (140(1)) (I+o(1))
1 £01)

= Garon)se) e () =00/,

977

978 H.3 Euler Scheme Error Bound

~

Lemma H.6. Let Z € C'(R", R%) one of the function defined in Eq (53). Let (ct)i>o be a
sequence satisfying c; € [c—,cy] for some 0 < c_ < ¢4 < oo and all t large enough.
Consider the scalar recurrence

bey1 = by + hy ¢ Z(by), bo > 1, (191)

where (hy)¢>o satisfies Condition @), and set z; := 2;10 hy.
Let b(-) be the solution of the perturbed ODE b(z) = c(z) Z(b(z)) with coefficient c¢(z) €
[c—, c1] and the same initial condition b(0) = bg. Then:
(1) by — 400 monotonically.
(i) by =lnz; —Inlnz;, + O(1) as t — oc.
(iii) If additionally c¢; = co + 6; with 6; — 0, then

by = b(z) +o(1) ast — oo. (192)

979

980 Proof. (i) Since Z(bs) > 0, ¢; > 0, and h;y > 0, the increment hyc;Z(b:) > 0, so (by) is strictly
981 increasing. If it were upper bounded by some I < oo, then since Z is decreasing, co > >, byy1—by >

982 c_Z(l) > hty = 400, contradicting boundedness. Hence b; — +o0.

.. . o rr du
sea (i) Define the primitive G(z) == [, 75
984 By Taylor’s theorem with the increment 7; := b1 — by = hy ¢ Z(by):

G(bi1) — G(be) = G'(be) me + 3 G (&) i

_heedZ(b) |y 2
- I(bt) + 2 G (gt) ’r,t
= hic+ 5 G"(&) 7, (193)
o85 for some &; € [by, byy1]. Since G”(z) = —Z'(x)/Z(z)?, and by Lemma(with 2A(2) instead of
986 A(2)):
YA(y) e " ) YAy)e " " I'(x) xe®
I ~N —_— I ~N —— = — ~
(2) PR () . , G'(z) w2~ o)
987 Therefore
v &t Y(&e—2by)
G"E)nt ~ LR @ Tb)? ~ S 2 a) ki = ofh2),
A7) bi
9ss where we used that & — 2b; < 1y — by — —oo because 17 = hy ¢; Z(b;) is bounded.
989 Summing (T93) from 0 to ¢ — 1:
t—1 t—1
G(by) = G(bo) + ;hk e+ ;o(hf)
—0 = =
=0(z) + O(1) = O(z). (195)
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With the asymptotics G(z) ~ % (derived in the proof of Proposition or , Eq (193)
becomes yb; €7’ = ©(z;). We then derive v b; = In z; — Inln z; + O(1) by the same Lambert W/

asymptotics (see Proposition [H.3] or [HA4).
(iii) Assume ¢; = ¢g + 0 with §; — 0. Resumming (T93) gives

t—1
G(br) =coz + »_ hidp +O(1). (196)
k=0

By the Cesaro, since 6, — 0 and ) hy, = +oo:

t—1

k=0 hk f;k t—o0
t—1
k=0 Nk

t—1
0, i.e. Z hk (Sk = O(Zt).
k=0

Therefore G(b;) = co 2 (1 + o(1)). The ODE trajectory satisfies the same relation: G (b(z;)) =

co zt (1 + o(1)), by (I83) in the proof of Proposition Hence G(b;) — G(b(2¢)) = o(z). By the
mean-value theorem,

G(by) — Gb(=))
G'(&)
for some &; between b; and b(z;). Both satisfy v & = Inz; — Inln z; + O(1), so

bt — b(Zt) =

, _ 1 N & el &t _ .
CCI=7Ey ~ am O
Therefore
by — ()| = 28— o1), O

©)
=

w
&
N

H.4 Synchronisation Method Lemmas

Lemma H.7. Let o, and j3 strictly positive. As z — 400, we have the asymptotic

/Zczexp(_/:gdr) Sﬁsdszo(ﬁ). (197)

Proof.

z z B z a—1
/ exp(—/ ng) ds = Bz_o‘/ 5 ds.
. s slns L. Ins

c c

Integration by parts with u = 1/In s, dv = s*~1ds, so that du = —ds/(s(Ins)?) and v = s%/a,

gives
z Safl Pt P 1 z Sozfl
ds = — ¢ — —d
/ZC ns alnz alnzCJroz/zc (In s)2 y
Using the theorem of integration of asymptotic equivalents (Jourdain, 2018, Theorem 4.10) gives
JZ 571 /(Ins)?ds = O(z*/(In z)?). Therefore

z sa—l Pl
/ZC ds = o1 (1+0(1/Inz2)),

Ins nz

Combining everything:

/:exp(/;jfdr) B s = B2 (14 0(1/lnz) = 0(1/In=).

slns alnz

c
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Lemma H.8. Consider a sequence (u:); a positive sequence satisfying:

h: B
)ue + , t > to,

he y—
U1 < (11—
+ ( 2 2 Inz

Zt

where vy_ and B are strictly positive, to > 0, (hy); a sequence satisfying condition @, and
= 2;10 hi. Then, uy = O(1/1n zy).

Proof. A quick recurrence gives:

t-1 h i1 hiB = h
up < UtoH(l_ égj)—’_Zz Inz H (1_ 53;)
j=to k=t k k j=k+1

Noticing that for j large, 0 < hjv_/(2z;) < 1, and In(1 — h;v—/(2%;)) < —h;jvy-/(2z;), we have

t—1 t—1 h ~y
hjy iY—
T o= sen(- 3 55).
j=k+1 Jj=k+1

Now Z;;}CH hj/zj > f;:“ ds/s (by the integral comparison, using h;=z;4+1—2;), giving
S % > -t Therefore
k+1

Jj=k+1 zj —
t—1
, v-/2
[T - < (=) (198)
j=k+1 “t

In particular, Y hj/z; = +oo (since z; — 00), so the homogeneous term w;, [[(---) decays
polynomially in z;, hence tends to 0. For the remaining term, setting a := y_/2 > 0:

t—1 t—1 t—1 —1

hiB B hi 2 20
PPl | CEC=S Iy "“f“g Z o 199)
k—to ZE 1N Zg j=ht1 7 2t k—to ZE 1Nz —

using zj, | < 2%z for k large (since zj41/2x — 1). To bound the remaining sum, we use Abel’s
summation formula. Define Ay, := Z;?:to hj so that A;_1=2—z;, and Ap—A,_1=h;. Writing
fri= 207 Inz, = p(z):

t—1 =2
Z hi fo = Ae—1 fro1 — Z A (fre1 — fr)-

k=t1 k=tq
At,1 =2t — Zt; < Zt and ftfl ~ zf‘fl/lnzt, SO Atfl ft,1 = O(zf‘/lnzt)
By the mean-value theorem, fry1—fx = hi () for some & € [zx, zp41], With ¢'(s)

5°72((a—1)Ins — 1) /(Ins)?. Forall a > 0 and s large, |¢'(s)| < C, 52 for some C,, > 0.
Therefore | fr41 — fi| < Cy hy zo‘_2 and

ZAk\fk+1 fil < C, szhkzk *hi, = Cy Z/ﬂ ph

k=t1 k=tq k=t1

Since 2t~ < 50 < max(1, 2") and 4 < oo by @I, this sumis O(= ) =
o(z%/1In z;). Comblnlng. Zk:tl hi o(2x) = O(2§*/ In ;). Substituting back into (T99):

t—1 t—1
hi.B . 2B (2

§ || 11— 4= < : L —0(1/Inz).

= In 2z = ( 2z; ) T ozt alnz (1/In 2)

=to J=k+1

Therefore the forcing contribution is O(1/In z;).

Combining: u; = O(z, *) + O(1/Inz) = O(1/1n z) O
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H.5 Discrete Synchronisation

The synchronisation Lemma E.5|establishes a(z) — b(z) — d — 0 for the ODE trajectory. To close
the proof, we need the analogous statement for the discrete iterates (ay, by).

( B

Lemma H.9 (Discrete synchronisation). Under Condition[I0|and Condition 1), if there exists
to > 0 such that the discrete iterates of Proposition|E.3|satisfy

|ar, — Amin bey — d| < 1y, be, > by, and hy sufficiently small for all t > t,
with 0, and b, as described in Lemma[E.3] Then
|ar — Amin be — d| < 14 forallt > t.

Moreover, the discrete gap converges: a; — Ypin by — d.

Proof. The proof mirrors the previous proof on the continuous case.

(a) Removing z from Lemma setting. Define the discrete gap 7; := a; — Ymin by — d. From
Eas 5769

Neg1 = N + he @(0e, by), (200)
where

®(n,b) := (1—&)(1+pa)(1 = &) Zngj(Ymin b+ d+1) —¢ (;Ymin (I+pp)—(1 JFN)) Znin(b). (201)
Noticing that s in Eq (71)) depends on z only through b(z), we can rewrite ® like:

<Nm®=€Gmdl+uw—%1+MDLm@H€”U+S&nD—ﬂ, (202)
with s rewritten as:

"?min b 1 + Tmaj (:Ymin b + d + 7]) .

s(b,n) = 1. (203)
b = aTy L+ 7in(0)
The estimates (72)-(73) remain valid for any b < b, and |n| < 1:
K, K/
sl < 1 I — 0,0 < 2 01

(b) Discrete tube invariance. The tube argument is identical to step (i) of Lemma[E3} for b > b,,
the same computation as in (67) gives ®(7,,b) < 0 and ®(—n,,b) > 0. Therefore on the boundary
n = n, for instance, n;11 = Ny + hy (s, b¢) € [—14, x| provided hy |P(ny,b:)| < 214, which
holds for all t > ¢, with h; sufficiently small and given |®| is bounded on R%,.

Since b; — +o0o monotonically (Remark , bs eventually remains above b,. Choosing ¢ as the
first time both h; is small enough and b; > by, the tube {|n:| < 7} is forward invariant for ¢ > .

(c) Convergence. Like in step (a), noticing that v, 5 and R depends on z only through b and 7, the
linearisation Eq generalizes as well from Eq (202) into:

®(n,b) = —4(b) n+ B(b) + R(b,n)

with
A(8) = & (i (14 1) = (1 1) Toin (8), BB) 1= & (Fimia (1 + 1) = (1 4+ 12)) Zia(b) 5(5,0),
(205)
700.0)| < & T (7 + 1) (206)

with K an explicit constant. By the tube invariance (step (b)),

ne| < ny for ¢ > g, so the quantity
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Imaj (at) .
Imin(bt) ’
satisfies ¢, € [¢_, ¢4] C (0,00) for t > ¢4
Lemma [H.6] part (ii), then gives

vby =Inz; —Inlnz, + O(1), st. Zmin(br) = O(1/2) (asin Eq [79)). (207)

Gi=e(l+pup)+ (1 —e)(1+p) st bry1 — by = ¢ Iin(be)  (see Eq (38))

, by the same bounded-ratio argument as in (77).

Defining v; := 5(b), B¢ := B(bs), Ry := R(b¢,m:), we also derive the analogous constants and
bounds:

(i) 2= < Tmin(br) < 25, with 0 < M- < My and 2= <y < 2E

P

Yt = E(ﬁmin (14 pp) —(1+ u)) My,

(ii) |8t| < B/(z¢1n z;) with B > 0 by Eq (204),
(iii) from 206) with (b, ) = (b, n;) and using b; > ¢, In z; for some ¢;, > 0:

2 KM |7 K |71
Ryl < K |Zoin (b ( 2 |77t| ) < + ( 2 ) _ ( 2 )
Rl < K| (Bl (e + by / — min(1, ¢p) 2 et In z; Z et In z;

where we wrote K for K M, / min(1, ¢,) to lighten notation). The recurrence (200) with (203) reads
N1 = (1= haye) e + e Be + he Ry

Setting u; := || and using |n;| < n, with 7, small enough and t large enough that K, < vy_/4
and K /In z;, < ~y_/4 (exactly as we did to get Eq (84), we absorb R; into ;:

h, B

b
2 Inz;

u < (1- hm_)ut-i-

22z

t > to, (208)

which is the exact hypothesis of Lemma We can therefore conclude that u; = O(1/1In z;) and
Nt = at — Ymin bt —d — 0. O
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I Generalizing Soudry et al. (2018, Theorem 9)

L1 Setup and assumptions

We consider a data distribution D over (x,y) with x € R¢ and binary labels y € {—1,+1}.
Following the relabelling convention of [Soudry et al.| (2018)), we absorb the label into the feature:
redefine x < yx so that we may assume y = +1 for all samples without loss of generality. The
population expected risk (in contrast to empirical risk) loss is

L(w) = E[t(w'x)], (209)
where / is any loss function satisfying [Soudry et al.| (2018, Assumptions 2 and 3). Without loss of
generality we will consider /(u) = e~ for simplicity.

We perform population (full-batch) gradient descent with fixed learning rate > 0:

w(t+1) = w(t) — nVL(w(t) = w(t) +7E {e—w@)Tx x] . (210)

We impose the following standard assumptions on D inspired from[2.2]and [D.1]
Assumption L1 (Linear separability). There exists w, € R? such that w] x > 1 almost surely.

Under Assumption|[L.1] the population L, max-margin (analogous to hard-margin SVM) solution is
well-defined:
w = argmin|w||? s.t. w'x>1 as. (211)
WGRd

Assumption 1.2 (Bounded features). There exists K > 0 such that ||x|| < K almost surely.
Combined with Assumptions this assumption gives L is B-smooth with 3 = K2L(w(0)). For
technical reasons in the proof below we set 3 := max(L(w(0)),8) K? instead.

Assumption 1.3 (Margin density). D has continuous density and if we define the margin variable
m = W' x, (212)

then m has a continuous strictly positive density p,, on [1, M| where M = K||w]|).
Assumption L4. Let x| := Il x (see (22) for the notation), then

E[x, |m] = 0. (213)

This assumption mirrors Assumption [D.T] and similarly could be weakened by requiring that for

A T
every direction ¢ such that 8 w = 0, x; | m=1 never puts all its mass on one single side of the
hyperplane (8) (non-degeneracy :

Pi{(d ' x, <0 |m=1) > 0. 214)

In geometric terms, the origin lies in the interior of the convex hull of the support of x| | m=1 in the
subspace (W)~. However, this would require considerable more complex mathematical development,
therefore we opt for this simpler and relatively general setting.

In Soudry et al|(2018) finite-sample framework, the decomposition w(t) = wlogt + p(t) with
bounded p holds for “almost all datasets” (their Theorem 9); the degenerate case where ||p|| =
O(loglogt) is relegated to Theorem 13. Although our continuous-distribution study does not observe
such degeneracy, we will show that a O(loglogt) correction that is absent in the discrete case is
nevertheless introduced.

We now state the following proposition generalizing the theorem to our continuous distribution
setting.

Proposition L.5 (Implicit bias of GD - continuous-distribution setting). Under Assumptions[[ 1}
let w(t) denote the iterates of population gradient descent (210) with any initial point w(0)
and learning rate n small enough (specified in the proof). Then, ast — oo:
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w(t) = wlogt — wloglogt + O(1). (215)

In particular, the direction of w(t) still converges to the max-margin direction:
w(t) W

t=oo [w(e)] — [Iwll”

1.2 Proof of Proposition[5.4]
The proof proceeds in four steps inspired from the original discrete proof.

(i) Loss convergence and norm divergence

Lemma L.6. For n small enough: L(w(t)) — 0, and |w(t)|| = oo as t — oc.

Proof. The argument follows Soudry et al.| (2018, Lemma 1) textually. For any w:

wIVL(w) = fIE[e’wawa} <0 (216)
since w, x > 0 a.s. Therefore there’s no finite critical point w such that VL(w) = 0. Since L is
3-smooth, gradient descent with 77 < 2/ converges to a critical point: VL(w(t)) — 0 (see|Soudry,

et al.| (2018, Lemma 10)). The absence of finite critical points forces ||w(¢)|| — co. Finally, using
W*Tx > 1 a.s, we have the following bound

0< Lw(t)) =E[e™ ] <E[e*w/]x] = |w] VLlw(®)] < [w.ll| VEw(©)] -0,
hence L(w(t)) — 0. O
Decomposing w (t) like this:

w(t)=fO)Ww+d1), f(t):=—Ls—, W 8(t)=0, (217)

we now show f(t) — oo.

(i) f(t) diverges.

Lemma L7 (Coarse f growth rate). f(t) — +oo, and more precisely, f(t) = ©(logt).

Proof. Projecting (210) onto w and using Assumption|L.T

SEAD) = J0) = R Ee W] = B 0] a1y
> N _glew®™x] = T rew)) > 0. 219
2 e He ] = e ) (219

So f is strictly increasing for all ¢ and summing 2T9):

)~ £0) > 13 £(win). (220)

[wl|? =

It remains to show ), £L(w(t)) = 4o00. As in Soudry et al| (2018, Lemma 10), using L’s (-
smoothness, we have:

Lw(t)) = Llw(t+1)) = n(1 - ?) IVL(w(t))]? >0, (221)

£ewit) — £w(tD) < n(1+ DY VL) <nk(1+ D) cow) @22
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where the last inequality comes from ||V L|| = ||IE[e’WTxx]|| < K L(w).
Dividing both sides by £(w(t)) £L(w(t+1)) and using £L(w(t+1)) < L(w(t)) (by Eq @ZI)):
1 o b Lw(t) - L(w(t+1))
L(w(t+1)) L(w(t)) L(w(t)) L(w(t+1))
np nK?2 L(w(t))?
(1+5) Zwii 2 v w((i)ﬂ))
<

(
nBy\ nk* L(w(t)) >
(1 + 7) iy < 4 (223)

where the last step uses 7 < 2//3 and the fact that for ¢ large enough, L(w(t))/L(w(t+ 1)) < 2
In fact, for ¢ large enough, £(w(t)) < 1 (by Lemma|L.6) which gives by combining to Eq (222):

IN

£lw(t) — £lw(t+1) < k(14 D) £iwin)

_ ns ns .
= g (L )£V by Assumption 2
L)y ass

so that L(w(t + 1)) > L(w(t))/2. Summing Eq @23): 1/L(w(t)) < 1/L(w(0)) + 4nK?t, hence
d 1

0 ford = oz " (224)
Therefore Y, £L(w(t)) = 400 and 220) gives f(t) — +oo.

We can also similarly derive an upper-bound for the loss as follows. By Eq (216), wiVL =
—Ele —w'x m| < —L(w) (since m > 1as.), so ||[VL| > |[w'VL|/||W]| > L/||W]|. Therefore

with Eq 221):

L(w(t)) =

nBéy n 2
L(w(t)) — L(w(t+1)) > (1 - 7) e LoV, (225)

By the same telescoping argument as above: ﬁ(w(1t+1)) - L(“}(t)) > (1 — %)W, giving
-1
L(w(t)) < C/tfor C := ( - %) |W||?/n. Combined with (224):

L(w(t)) = O(1/t). (226)

L(w(t))/[[w]| (from

A similar analysis as in Eq (ZI9) gives the upper bound f(t + 1) — f(t) <7
C'logt + C". Together

m < K||w] a.s.). When combined with L(w(t)) < C/t we get f(t)
with £ > ¢/t and ZI9):

<
<

f(t) =06(logt). (227)
O

(iii) 6(t) is bounded.

Lemma L.8. §(t) = O(1) and therefore ng) e, i

Z

Proof. Projecting (Z10) onto Span{w}*:

(t+1) — 8(t) = nE[e/OM=3MTxL | ], (228)
so that o
16(t+1) = 6@)| < nK L(w(1)) < nK —. (229)
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Therefore:

Zna t+1) — 8(1)||> < 772K202Z 5 < oo (230)

t=1

Now let’s write

I8E+D)I1* — 181> = 26() " [8(t+1) — ()] + [8(t+1) — 8(1)]1*
= mE[e/™ 0 6 Tx ] + [|8(t+1) - 8(t)[* by Eq @28)
=2 Ele /™ (7% — 1) 2] + 2 E[e /™ 2] +[|d(t+1) — 8(¢)||%, (231)
——
= R(t) <0 =: L(t)
where weuse e~ = (e=*—1)+1 with z = § ' x along with the pointwise inequality z(e~*—1) < 0

for all z € R.
Under Assumption [[.4]and the total expectation property, we have:

L(t) = 8 Ele "™ x 1] = 6 Epn[e ™ E[x, | m]| = 0. (232)

Substituting L(¢) = 0 into (231):
[8t+D)IZ = 18(5)]1* = 2 R(t) + [8(t+1) — 8()[|* < [l8(t+1) —a(®)[*.  (233)
Summing from 0 to ¢—1 and using Eq (230):

ls@)I* < J8(0 \|2+Z||5 (t+1) = 8()I° < [8O)I* +PK>C? Y 72, (234)

t=1
hence ||6(¢)|| = O(1). Combining with f(t) — +o0:

[LIO] — 0, and therefore W(t) oo VY . (235)
f(t) [[w(t)]l ]|
O
(iv) Sharp growth rate of f.
Lemma L9. f(t) =logt — loglogt + O(1). }

Proof. From (ZI8):
fE+1) = f(t) =

E[e/(Om=80)Tx. ] =

n n —f(t —5(t) Tx
ik e Eme ™/ mBfeoO s ]

By the disintegration theorem [Ambrosio et al| (2005} Theorem 5.3.1) and Assumption[[.3] there exists
a continuous function H(m,t) := mIE,qmzm[e*‘;(t)TxL | m = m] p,,,(m) such that

K|lw]|
Em [e*f(t)m mI['Z[ef‘s(lt)T"L | m]] = / e~ O™ H(m, t) dm. (236)
1
Since ||8|| = O(1) and ||x_ || < K a.s., there exists a constant D > 0 such that for all ¢:
e PEmpn(m) < Him,t) < ePEmp,,(m). (237)

Define the t-independent bounding function h(m) := m p,,(m) (continuous with ~(1) = p,, (1) >

0). Eq 237) gives

M M M
efDK/ e ™ h(m)dm < / e~ ™ H(m,t)dm < eDK/ e~ ™ h(m) dm
1 1 1
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Watson’s lemma Wong| (2001, Chapter 1) for f — +o0 applied to the bounding integrals gives:

/Mefm h(m)dm = p”}(l)ef (L+0(1/f)). (238)
1

Combining both results yields:
e—F®) —f(®)

ne- —gy (LHOW/N) < Jt+1) = f(t) < ney ef(t) (1+oa/n), @39
where ¢y := WQ(D > 0. We write this compactly as
e—f(®)
FE+1) =) = 00 S 0<e <) <es, (240)

potentially adjusting ¢+ accordingly to absorb the O(1/f).

Let ® the function f — (f — 1)e/. By Taylor’s theorem applied to ® at f(t) with increment
ai = f(t+1) — f(t) > O:

O(f(t+1)) — (f(1)) = @' (f(t) ar + 5 ©" (&) ai
=nC(t)+59"(&)a;  (by Eq €40) (241)
for some &; € (f(t), f(t+1)). Since f(t)e/®) < & (&) < 2f(t) e/® for t large:
) o~ 1(t)

0 < ®"(&)af <2f(t)e!D -7’ C(t)° TiGE =20 C*(1) 0

Combining and summing from ¢ to ¢t — 1 for sufficiently large ¢:

< 2ncy az.

t—1 t—1
B(f(1) < D(f(to) 1Y Cls) +2mer Y a

(f(to)) +neq (t—to) +2nep (f(t) — f(to))

(0]
O(f(to)) +nept+2ncy f(t) (242)

INIA

t—1
O(f(t) = B(f(to)) +n Y C(s)

(Flto)) +me_ (t — o)

(f(to)) + %t (243)

\%

P
P

%

Using the Lambert W function which is increasing, and noticing that ®(f) = (f — 1)ef = b implies
f—1=W(b/e), these inequalities yield:

WD ) < -1 < w (RO T B ) a

By Lambert IV asymptotics|Visser| (2018, Eq A2), and Eq 227):

W((I)(féto)) + 772+ t+ 277€C+ f(t)) =log (t + ©(logt)) — loglog (t + ©(logt)) + O(1)

=logt —loglogt + O(1),

(f(to))

e _
W( . + 5e t>_logt loglogt + O(1).

Hence
f(t) =logt —loglogt + O(1). (245)
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(v) Conclusion From (234) and (243) (Step 2):

w(t) = f(t) W+ 0(t) = W (logt —loglogt + O(1)) + O(1) = wlogt — wloglogt + O(1).
This completes the proof of Proposition [[3}
LI.3 Generalisation to variable step-size

The argument extends to step-sizes (h;) satisfying condition (ZT)). We propose a version of Proposi-
tion|[.5]and how to adapt the proof.

Proposition 1.10 (Variable step-size). Under Assumptions let w(t) denote the iterates of
population gradient descent Z10) with any initial point w(0), and assume our scheduler (1),
satisfies

2//8>77t>07 Znt:JFOOv Znt2<007
with 3 introduced in Assumption|[[.2] Then, as t — co:

w(t) = wlogz — wloglogz + O(1), (246)

. t—1
With 2y :== Y 1o M-

Proof. The proof of Lemma[[.§]is still mostly valid with a little rearrangement of the deductions.
Eq (227) is still valid with 7, instead of 7, this means that £(w(¢)) decreases to a limit £.,. By
Eq 2I6), |VL|| > L/||[w]], so |[VL(wW(t))|| > L/ (2||W]) for t > to. From the proof of [Soudry
et al.| (2018, Lemma 10), we have this updated result:

Son (1= ") wewn))? < o, @47)
t=0

and given that ) _,° 1y = oo, this implies Lo, = 0 and ||[VL(w(t))|| — 0.

The proof of Lemma [[.7| undergoes the following adjustments. Eq (223) becomes m -
m < 41, K2, summing it gives £(w(t)) > ¢/z for ¢ := m > 0, instead of
Eq (224). A similar argument gives £(w(t)) < C/z; with an explicit constant C. Collecting
everything yields £(w(t)) = O(1/z) and f(t) = ©(logz;) by the same integral comparison
argument.

The proof of Lemmais valid textually by using the fact that (1;); is a bounded sequence.

Regarding Lemma[[.9] the proof needs the following adjustment. The sums Eqs (242) and (243)
become

(f(t)) < (f(to)) + c+ 2t + 2[nlloo c4 f(1), (248)
c_
O(f(1) = 2(f(to)) + = 2, (249)
where ||7]|oc := sup;>q7:. The same Lambert W asymptotics yields the same analogous result
f(t) = log z; — loglog z: + O(1), which concludes the proof. O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: All the claims and contributions are cited in the Introduction and discussed in
the Discussion sections.

Guidelines:

e The answer [N/A | means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The limitations are listed in the Conclusion section and discussed along the
paper as well.

Guidelines:

* The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate “Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: All the core Assumptions are listed in the Problem Setup section and they are
recalled in the Appendix with all the detailed proofs.

Guidelines:

* The answer [N/A] means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: All the codes are provided and can be easily reexcuted
Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: A readme with complete guidelines for reproductibility are provided
Guidelines:

* The answer [N/A] means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]
Justification: The experiments are always introduced with all the settings
Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Each configuration is repeated over 3 random seeds; with shaded bands in all
plots denote £1 standard deviation across seeds

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The authors should answer [ Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

* If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: This information is provided in the readme of the codes
Guidelines:

* The answer [N/A] means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We carefully checked the author handbook
Guidelines:

e The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.

o If the authors answer , they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [N/A]
Justification: This manuscript does not have societal impact
Guidelines:

* The answer [N/A] means that there is no societal impact of the work performed.

o If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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11.

12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]
Justification: The current manuscript does not pose such risks
Guidelines:

* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: -
Guidelines:

* The answer [N/A] means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [N/A]
Justification: [N/A]
Guidelines:

» The answer [N/A] means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]
Justification: [N/A|
Guidelines:
* The answer [N/A]| means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data

collector.
Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [N/A]
Justification: [N/A]
Guidelines:

* The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [N/A]
Justification: LLM were used in a standard way for drafting and editing
Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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